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2 michael christ and shuanglin shao 

1. Introduction 

Let S'^ denote the unit sphere in M^, equipped with surface measure a. The adjoint 
Fourier restriction inequahty of Tomas and Stein, for S'^, states that there exists 
C < CO such that 

(1-1) \\ML^iR'^)<C\\f\\ms^a) 

for all / G L'^{S^). With the Fourier transform defined to be g{^) = J e~^^'^g{x) dx, 
denote by 

(1-2) 7^= sup ||/a||i4(R3) / ||/||^2(52_^) 

07^/GL2(52) 

the optimal constant in the inequality f ll.ip . 

Definition 1.1. An extremizing sequence for the inequality f ll.ip is a sequence {/^} 
of functions in L'^{S'^) satisfying ||/,y||2 < 1, such that ||/iyC'"||£,4(]g3) — 7^ as — )■ oo. 
An extremizer for the inequality fll.ip is a function / 7^ which satisfies ||/(t||4 = 

nfh- 

The main result of this paper is: 
Theorem 1.1. There exists an extremizer in L'^{S'^) for the inequality fll.ip . 

The inequality dual to fll.ip is 12,2(52 0.) < 2,4/3(^3). If / extremizes fll.ip . 
then fa ■ |/crp extremizes the dual inequality. 

Definition 1.2. A sequence of functions in L'^{S'^) is precompact if any subsequence 
has a sub-subsequence which is Cauchy in L^(S'^). 

Nonnegative functions play a special role in our analysis, because 

(1.3) \\\f\a\U>\\M,ior a\\ f e L'{S'). 

Therefore if {f^} is an extremizing sequence, so is Any limit, in the norm, 

of an extremizing sequence is of course an extremizer. Thus the following implies 
Theorem 11.11 

Theorem 1.2. Any extremizing sequence of nonnegative functions in L'^{S'^) for the 
inequality fll.ip is precompact. 

In particular, the set of all nonnegative extremizers is itself compact. We do 
not know whether nonnegative extremizers are unique modulo rotations of 5*^ and 
multiplication by constants. They do possess the following symmetry, which will be 
useful in our analysis. 

Theorem 1.3. Every extremizer satisfies |/(— x)| = |/(a;)| for almost every x G S"^. 

Proposition 12.51 below states that more generally, the quantity ||/cr||4 never de- 
creases under norm preserving symmetrization of / with respect to the map 
X I— )■ —X. 
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For complex-valued extremizers and near-extremizers, the situation regarding pre- 
compactness of extremizing sequences is different, due to the presence of a noncom- 
pact group of symmetries of the inequality. For ^ G define e^(x) = e^'^. Then 

ll/ci^crlU = ll/i^lU for arbitrary ^ G M.^, f G L^(S'^). Consequently complex-valued 
extremizing sequences need not be precompact. However, we will show in a sequel 
[TU] that this simple obstruction is the only one; if {f^} is any complex-valued ex- 
tremizing sequence, then there exists a sequence {^u} C such that e-^^'^"/^ (x) is 
precompact. 

The symmetries f ^ f ■ e*^'^ merit further discussion. Matters are clearer for the 
paraboloid = {(2/1,1/2,2/3) : Us = \yi + I?/!} than for S"^. For P^, the analogues 
of these unimodular exponentials are quadratic exponentials e*^ ''+*^l^l^ with (r^, r) G 
R^+^; compare with S"^, where ^ G M'^ also ranges over a three-dimensional space. 
To see the analogy, consider a small neighborhood of (0, 0, 1) G S*^, equipped with 



coordinates x' G M so that x 



[X 



\x 



/|2\l/2 



). Then for ^ = (0,0, A), e 



e'xp{i\{l — \\x'\'^ + 0{\x'\^)) for small x'\ thus for small x' one has essentially quadratic 
oscillation. The presence of these symmetries among the extremizers for P^ implies 
that, in the language of concentration compactness theory [T3], an extremizer / can 
be tight at a scale r, and / can simultaneously be tight at a scale r, with the product 
r ■ r arbitrarily large. 

A routine variational argument leads to a generalized Euler-Lagrange equation. 
Using Plancherel's Theorem, the connection between the Fourier transform and con- 
volution, and Cauchy-Schwarz, the definition of an extremizer can be reformulated. 

Proposition 1.4. A function f G L'^{S'^) is an extremizer if and only if 



:i.4) 



(/o- * fa* fa 



52 



2/ a.e. on S'^. 



Since the value of S has not been determined, this equation is not entirely explicit. 
By a routine variational argument, any critical point / of the functional \\fa\ 



satisfies the same equation, with S replaced by some constant depending on /; see for 
instance [TT], where more general results of this type are justified. (11. 4p will be used 
in a forthcoming paper [10] to prove that all critical points are infinitely differentiable. 
Fundamental questions remain open, including: 



Questions 1.3. Are extremizers unique modulo rotations and multiplication by con- 
stants? Are constant functions extremizers? 

In this context, it is interesting to observe that constant functions are /oca/ maxima. 
Let 1 denote the constant function f{x) = 1. 

Theorem 1.5. There exists 6 > such that whenever \\f — 1||^2(52) < S, 



(1.5) 

with equality only if f is constant. 



< 



\a\ 



II l|4' 
I -'-II2 



4 



MICHAEL CHRIST AND SHUANGLIN SHAO 



Let be the paraboloid introduced above. Let ap be the measure dap = dxi dx2 

on 

p2jl| 

Then the mapping / fap is hkewise bounded from L^(P^, ap) to 
Denote by 71^2 the optimal constant in the inequality 



Foschi [12] has proved that extremals exist for this inequality, and moreover, that 
every Gaussian function of {xi,X2) is an extremal; alternative proofs were given by 
Hundertmark and Zharnitsky [13J and by Bennett, Bez, Carbery, and Hundertmark 
jl]. The simple relation TZ > TZp2 is of significance for our discussion. This rela- 
tion follows from examination of a suitable sequence of trial functions f^, such that 
fu{xY dx converges weakly to a Dirac mass on S'^, and fi, is approximately a Gaussian 
in suitably rescaled coordinates, depending on u. It is essential for this comparison 
that P2 has the same curvature as 5*^, which explains the factors of | in the definition 



The first author to discuss existence of extremizers for Strichartz/Fourier restric- 
tion inequalities was apparently Kunze [Mj, who proved the existence of extremizers 
for the parabola in M^, and showed that (in our notation) any nonnegative extrem- 
izing sequence is precompact. Several papers have subsequently dealt with related 
problems, in some cases determining all extremizers explicitly [12], [13], [1], [S], in 
other cases merely proving existence [2T] . A powerful result which leads easily [21] to 
existence of extremizers is the profile decomposition; see [5]. Of these works, the one 
most closely related to ours is that of Kunze. One difficulty which we face is the lack 
of exact scaling symmetries. In some facets of the analysis this is merely a technical 
obstacle, but it is bound up with the most essential obstacle, which is the possibility 
that the optimal constant might be achieved only in a limit where |/p tends to a 
Dirac mass, or a sum of two Dirac masses. 

Our analysis follows the general concentration compactness framework developed 
by Lions [IS] 5 [IS] , [IZ] , [IB] • We have elected to make the exposition self-contained in 
this respect, not drawing on that theory; to do so would apparently not dramatically 
shorten the exposition, since most of our labor is devoted to specific issues raised by 
the character of a particular nonlocal operator. 

Existence of extremals for a convolution inequality in which curvature plays an 
essential role, as it does here, was proved in [9]. The underlying geometry governing 
[9] is more subtle, but the operator analyzed there is merely linear, while the analysis 
of the present paper is bilinear. Yet despite differences in details, that analysis and 
the method of the present paper have much in common. The role of an inequality of 
Moyua, Vargas, and Vega [IH] used here was played in [H] by [5]. 

We are indebted to Terence Tao for bringing the question to our attention, and to 
Diogo Oliveira e Silva for useful comments on the exposition. 



See [5] for a brief discussion of the naturality of this measure from a geometric perspective. 





of 
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2. Outline of the proof and definitions 



The following overview of the proof includes notations, definitions, and statements 
of intermediate results which are not repeated subsequently, and thus is an integral 
part of the presentation. 

Step 1. The first step is quite simple, but in it a critical distinction appears between 
our problem for S*^, and for higher- dimensional spheres. The inequality ||/cr| 1^4(183) < 
C||/||L2(52,a-) is equivalent, by Plancherel's theorem, to 



and * denotes convolution of measures. This has been exploited in [Ti].|12j.|13j. j^. 
In higher dimensions, the exponent 4 is replaced by an exponent which is no longer 
an even integer, and no such equivalence is available. 

Now the pointwise inequality \ fa * fa\ < \ f\a * \ f\cr, the relation JT*!) = fu}, and 
Plancherel's theorem imply 

Lemma 2.1. For any complex-valued function f G L^(S'^), 

(2.3) ||/c^||l4(1R3) < |||/|cr||L4(K3). 

Therefore if f is an extremizer for inequality (11. ip . then so is \f\; if {f^} is an 
extremizing sequence, so is {\fu\}- 

This permits us to work with nonnegative functions throughout the analysis. For 
much of our analysis this makes no difference, but nonnegativity will be useful in Step 
7, allowing an elementary approach to a step whose analogue in higher dimensions 
seems to require more sophisticated techniques. 

Step 2. A potential obstruction to the existence of extremizers, and certainly to 
the precompactness of arbitrary extremizing sequences, is the possibility that for an 
extremizing sequence satisfying \\fu\\2 = 1, could conceivably converge weakly 
to a Dirac mass at a point of S"^. Indeed, if 71 were to equal 71^2, then there would 
necessarily exist extremizing sequences of this type. Therefore an essential step in 
our analysis is to prove that 71 > 71^2. 

In fact, as will be explained below, this is true in two distinct ways. The more 
superficial is this: 

Lemma 2.2. Let g G LP'{S'^) he supported in {x E S'^ : x-^ > |}. Define f{x) = 



(2.1) 




where 






Define the optimal constant in the corresponding inequality for the paraboloid to 

be 
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Thus the optimal constants for the sphere and paraboloid satisfy 



Corollary 2.3. 



(2.6) 



S > (3/2) 



Step 3. Step 2 leaves open many possibilities, the simplest of which is that an extrem- 
izing sequence might concentrate at a pair of antipodal points, that is, \fiy\'^ might 
converge weakly to a linear combination of two Dirac masses, at antipodal points 
z, —z. We will see that this scenario is the crux of the problem. The crucial ingre- 
dient in excluding it is an inequality S > (3/2)^/^P. We will give two independent 
proofs of this inequality. The first gives a precise improvement: 

Lemma 2.4. 



Equivalently, TZ > 2^/^7^p2. This is proved by exact computation of \\fa * /cr||2 
for / = 1. We do not know whether constant functions are in fact extremal for 
(11. ip . or equivalently, whether S = 2^/^P. Constants are indeed critical points of the 
associated functional, and thus satisfy a (possibly) modified Euler-Lagrange equation 
(II. 4p . in which S is replaced by 2^/^P. 

An alternative proof that S > (3/2)^/^P, along perturbative lines, is given in §T71 



Definition 2.1. A complex-valued function / G L'^{S'^) is said to be even if f{—x) = 
f{x) for almost every x E S"^. 

We will be working almost exclusively with nonnegative functions, for which this 
condition becomes /(— x) = /(x). 

Definition 2.2. Let / G L^(S'^) be nonnegative. The antipodally symmetric re- 
arrangement is the unique nonnegative element of L'^{S^) which satisfies 



with strict inequality unless f = fi, almost everywhere. Consequently any extremizer 
for the inequality (II. ip satisfies |/(— x)| = |/(a;)| for almost every x G 5^. 

An equivalent formulation is that ||/cr||4 < ||/*(t||4. 

This allows us to restrict attention from nonnegative functions to even nonnegative 
functions throughout the discussion. This simplification is more convenient than 
essential. 



(2.7) 



S > 2^/^P. 



Step 4. 
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Step 5. A first key step towards gaining control of near-extremals has already been 
essentially accomplished by Moyua, Vargas, and Vega P^ . 

Definition 2.3. The cap C = C{z, r) with center 2; G 5^ and radius r G (0, 1] is 
the set of all points y E S"^ which lie in the same hemisphere, centered at z, as z 
itself, and which satisfy \T!'H:,{y)\ < r, where the subspace C is the orthogonal 
complement of z and denotes the orthogonal projection onto H^. 

Lemma 2.6. For any 6 > there exist Cs < 00 and rjs > with the following prop- 
erty. If f E L^{S^) satisfies Wfcr * fcr\\2 > <^^S^||/||2 then there exist a decomposition 
f = g + h and a cap C satisfying 



(2.11) 0<|(7|,|/i|<|/|, 

(2.12) g,h have disjoint supports, 

(2.13) \gix)\<Cs\\f\\2\C\-'^\c{x)\/x, 

(2.14) \\9\\2>V5\\f\\2. 



The first conclusion is of course redundant. If / > then it follows that g,h > 
almost everywhere. 

Lemma [2^61 is a corollary of Theorem 4.2 of [19] . It can also be proved via arguments 
closely related to those in [8]. 

Step 6. This step is related to the techniques used in [9]. 

Definition 2.4. Let i3 C denote the unit ball. To any cap of radius < 1 is 
associated a rescaling map 0c : -H- C. For z = (0,0, 1), 0c(l/i,l/2) = {ryi,ry2, (1 — 
r^jt/P)^/^). For general z, define tpziv) = i"^^Li^iy)) where vr is again the orthogonal 
projection onto H^, L : M."^ is an arbitrary linear isometry, and 4'c(z,r) = 

For small r > 0, 4'c{z,r) is naturally defined on B{0, r~^), which it maps into a cap of 
radius 1 in S^. 

Definition 2.5. Define the pullbacks 

(2.15) <Pcf{y) = r-ifo<Pc){y) 

where r is the radius of the cap C. 

This definition makes sense provided that / is supported in the cap of radius 1 
concentric with C. These pullbacks preserve norms up to uniformly bounded factors 
provided that r < tq < 1; ||0J/||2,2(]k2) x ||/||L2(52,tT) with the ratio of these norms is 
bounded above and below by positive, finite constants, uniformly in /, r, z. For the 
sake of definiteness we set tq = |. 

Definition 2.6. Let 6 : [1, 00) — > (0, 00) satisfy Q{R) — )■ as i? — 00. A function 
/ G L'^{S'^) is said to be upper normalized, with gauge function 9, with respect to a 
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cap C = C{z, r) C 5*^ of radius r and center z if 

(2.16) ||/||2<C<oo, 

(2.17) / \f{x)\dx<Q{R) Vi? 



> 1 



J\}{x)\>Rr' 




WR > 1. 



J\x-z\>Rr 



An even function / is said to be upper even-normalized with respect to B, C if / can 
be decomposed as / = /+ + /_ where /_(x) = /+(— x), and is upper normahzed 
with respect to 6,C. 

A function / G L^(]R^) is said to be upper normahzed with respect to the unit ball in 
if II/II2 < C < 00, \P{x)\dx < Q{R) for aU R>1, and f^^^^^ \p{x)\ dx < 

e{R) for aU > 1. 

We will usually omit the phrase "with gauge function 6", and will say that a 
function is upper normalized if it satisfies the required inequalities with respect to 
some appropriate function G which has been, in principle, specified earlier in the 
discussion. 

Definition 2.7. A nonzero function / G L^(S'^) is said to be 5-nearly extremal for 
the inequahty (12. ip if 



Proposition 2.7. There exists a function O : [1, 00) — )• (0, 00) satisfying Q{R) — ?■ 
as — 7- 00 with the following property. For any e > there exists 6 > such that any 
nonnegative even function f G L'^{S'^) satisfying II/II2 = 1 which is 6-nearly extremal 
may be decomposed as f = F + G where F, G are even and nonnegative with disjoint 
supports, \\G\\2 < e, and there exists a cap C such that F is upper even-normalized 
with respect to C. 

The proof is a largely formal argument which rests on two inputs: Lemma [2!6| and 
the observation that for two caps C,C', ||xcO" * Xc'0"||2 ^ unless C,C' have 

comparable radii and nearby centers. 

Step 7. This is the sole step which works only for nonnegative extremizing sequences. 
It is also the most involved step of the argument. 

Proposition 2.8. Let {f^} C L^{S^) be an extremizing sequence of nonnegative even 
functions for the inequality (12. ip . satisfying \\fu\\2 = 1- Suppose that each fy is upper 
even-normalized with respect to a cap = C{zy,r,y), with constants uniform in u. 
Then for any e > there exists < 00 with the following property. For every v, if 
ru < \ then 4>l{fu) i^ay be decomposed as (pKfu) = Gy + H^, where 



(2.19) 



||/o^*/^||lw)>(i-^)'s'||/||1 



(2.20) 
(2.21) 
(2.22) 



Gp is supported where \x\ < 
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If fu ^ 2 ihen itself may he decomposed as fu = 9^ + h^, where \\hy\\2 < £ and 

hvWc^ < Ce- 

Here 0^ = 

The idea is that if G L^(M^) satisfies \\g\\2 ~ 1, if is upper normahzed with 
respect to the unit ball, and if g is nonnegative, then J^^|<^ '^^ is bounded 

below by a universal strictly positive constant. If precompactness were to fail, then 
9v = (Plifu) would have to satisfy Jjg|>y\^ \9u{0\^ > > 0, with limsupAj, = oo. 
Thus in an appropriately rescaled sense, fu is a superposition of a slowly varying 
part, plus a highly oscillatory part, with perhaps some intermediate portion. For the 
bilinear expression fa * fa, we show that the cross term resulting from the high and 
low frequency parts is small, and that this contradicts extremality. 

An application of Rellich's lemma then yields: 

Corollary 2.9. Let {f,y} C L'^{S'^) be an extremizing sequence of even nonnegative 

functions for the inequality (12. ip . which are upper even-normalized with respect to a 

sequence of caps {Cy = C{zu,r^)}. 

(i) If ^ then {(t)l{fu)} is precompact in L^(M^). 

(a) If limmf^^ooru > then {f^} is precompact in L^i^S"^). 

Step 8. 

Proposition 2.10. Let {f,^} be as in Proposition \2.8i Then lim inf ,^^oo ''"i/ > 0. 

The proof of Proposition 12. 101 proceeds by contradiction. If {f,^} satisfies r,^ — )■ 0, 
then a rescaling and transference argument can be used to a corresponding sequence of 
functions {fu} on P^, which is precompact in L^(P^). In coordinates rescaled accord- 
ing to r^, each f^ is acted upon by an adjoint Fourier restriction operator associated 
to a hypersurface which depends on r^,, and which approaches as r^, — > 0. The 
precompactness of {f^} and convergence of these hypersurfaces can be used to obtain 

a limit F G L'^{¥^) which satisfies ||F^||4/||F||2 = (3/2)-VMim^_^oo ll^^lU/ll/z^b- 
It follows that Tlp2 > (3/2)~^/^7?.. But this contradicts the inequality IZ > 2^/^7?.p2 
of Step 3. 

Conclusion. Extremizing sequences exist. We have shown that there exists an ex- 
tremizing sequence which consists of even, nonnegative functions. Such a sequence 
is upper even-normalized with respect to a sequence of caps. By Proposition I2.10[ 
the radii of these caps cannot tend to zero. By Corollary 12. 9[ such a sequence has a 
subsequence which converges in L^{S^). The limit of such a subsequence is obviously 
an extremal. 

Not a Step. As explained above in Step 2, the fundamental potential obstruction to 
the precompactness of (nonnegative) extremizing sequences was the possibility that 
l/jyp could converge weakly to a Dirac mass, or to a sum of two Dirac masses at 
a pair of antipodal points. The following result examines a natural one-parameter 
family of candidate trial functions. 

Proposition 2.11. For all C, G with \^\ sufficiently large, 
(2.23) ||e^||i4(K3) > 7^p2||e^||i2(52). 
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When = (0, 0, A), e|/||e^||2 does converge weakly as A — )■ +oo to a constant mul- 
tiple of a Dirac mass at (0, 0, 1). Proposition 12. Ill is proved in ^fTTlvia a perturbative 
calculation. 

By taking the considerations of Step 2 involving even functions into account, Propo- 
sition [2]TT] provides an alternative route to the essential comparison S > (3/2)^/^P. 
Although Proposition 12.111 is not strictly necessary for the main lines of our proof, 
the calculation which underlies it will be useful in a generalization to manifolds other 
than S'^, and it is reassuring to be freed of complete reliance on the calculation, 
carried out in Lemma 12. 4[ of a single real number. 

3. Step 2: S > (3/2)i/^P 
Let f{x) = /(— x). Denote by {F,G) the pairing of two functions in L^(M^). 
Lemma 3.1. For any four real-valued functions fj G L^(S'^), 

(3.1) {ficr * /2cr, /gO- * f^a) = {fia * /3a, /acx * f^a) 
and 

(3.2) \\fl(T * /2Cr||i2(]g3) = ||/l(T * /20-||i2(l;3) 

Proof. The inequality ||/o"*5'cr||L2(]u3) < S^||/||l2(o.) ||(y(||2,2(j^) ensures that these quanti- 
ties are well-defined, and that the first identity holds for all functions provided that 
it holds for all nonnegative continuous functions fj. In that case f^cr* f^^a^x) < C\x\~^ 
for all X G M^, where C < 00 depends on fs, fi, and f^a * f^a is continuous except 
at a; = 0. For any F G C^{R^) and fj G C^iS"^), 

{fia*f,a, F) = jCf2a*F)frda, 

a consequence of the definition of convolution of measures and Fubini's theorem. 
Limiting arguments then lead to (13. ip . 
(13.21) now follows: 

\\f\a * /20-||^2(s;d) = {fi(J * f2cr, /lO" * /20") = (/lO" * /2cr, /20- * fia) 

= {fio- * /20-, /2cr * fia) = {fia * /2cr, fia * /2(t) = Wfia * f2cr\\l2. 

□ 

Proof of Lemma \2.2[ Let e > 0. Choose / G L^(S'^), supported in an open hemi- 
sphere, satisfying \\fa * fa\\l > (P - £:)2||/||^2(52). By replacing / by |/|, we may 
assume that / > 0. 

Set dfi = f da. Let g{x) = f{x) + /(— x) and du = g da = + fi. The two terms 
/(x) and /(— x) have disjoint supports, so 

IklliaCSa) = 2||/||i2(5'2). 

Now 

u * u = + ft,) * {n + ft,) = {fi* ^) + {jl* jl) + 2(/x * ft). 
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Therefore 

Now Wfi * /i||^2 = * yu||^2, as shown above. Thus we find that 



while 



l,,||2 _9|l,,l|2 



Il2(52) — ^11/^11x2(52). 

Squaring the last identity we find a ratio | = §• Thus > |P^. □ 

4. Step 3: S > 2^/^? 



Proof of Lemma \2.4\ We will obtain a lower bound for S by calculating \\fa * /cr||2 
for / = 1. 

Recall certain facts: The unit ball in has volume An/ 3: expressing this as the 
volume within the region {x^l'^ < 1 — |a;'p gives 

/ 2(1 - |xf dx' = 2 f 27r(l - r^ f'h dr. 

J\x'\<l Jo 

The derivative of (1 - r'^f'^ is -3r(l - r'^f/^, and (1 - r'^f/^\\ = -1. 
Therefore 

and the volume form in M.^ in polar coordinates is 



drda{e). 



One calculates that 



a * o-(x) = a\x\ ^X\x\<2 



for a certain constant a > 0. We will not need to evaluate a (because it will cancel 
out at the very end of the calculation). What we do need to know is that if we denote 
by n the measure dx' on the paraboloid P = {x G : x^ = then 

where Q denotes the support of This factor of | in the definition of P is required 
to make the curvature of P equal to the curvature of S'^; one sees that they are equal 
by writing the equation for S"^ near the north pole as 0:3 — 1 = (1 — |a;'p)^/^ — 1 and 
Taylor expanding the right-hand side. Note that the factor a/2 in the formula for fi*fi 
agrees with the limit as |x| — )■ 2 of the function a/\x\ which appears in the formula for 
a*a. This asymptotic equality must hold since the two surfaces have equal curvatures, 
hence the two convolutions must agree on the diagonal of the maps (x, y) ^ x + y. 
We will not prove that n * n is constant on its support; this is a refiection of the 
symmetry of the paraboloid (including appropriate dilation symmetry) and invariance 
of curvature under mappings of the form {x', X3) 1— )■ {x', X3 — L(x')) where L : — )■ 
is linear. 

The support of /i * /i is 

n = {z:zs>l\zf}. 
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It is known [12], [13] that any Gaussian is an extremizer for the paraboloid, and 
conversely. Another proof that Gaussians extremize the inequality is in [4J. Set 
F{x\ X3) = e~'^'' = e~^^ on the paraboloid. Observe that ii x + y = z G M'^, then 



Therefore 



F{x)F{y) = = e'^^ 

(F/i * Ffi){z) = ^e-''Xz3>\z'\y4- 



Consequently 
\\F^,*F^,\\l = ^ [ [ e-'^^dz 

Jz'&? J z-x>\z>\'^ 1^ 



zz>\z'\^/i 

poo I'OO 

f 2tt e-^'dsrdr 

Jo Jr^/A 



-KO? 



= f 27r / ^e-' r dr 

Jo 4 

On the other hand, 

||(T * (T||^2m3-) = / a'^\x\~'^ dx = / r^"^ A-nr"^ dr = Ana^ I dr = S'Ka?. 



J\x\<2 JO JO 

Meanwhile 

l|l|lW) = ^(^')=4vr, 

and 



JM2 Jo 

Putting this all together. 



while 



\la * lo-\\l Svra^ 



The second ratio is equal to twice the first, as claimed. □ 

5. Step 4: Symmetrization 

Proposition l2.5l stated that for any dimension d. \\fcr*fa\\L2^^d-^ < ||/^ cr*/^ cr||i2(]Rd) 
for any nonnegative function / G L'^{S'^~^), where denotes the even symmetrization 
of /. 

Proof of Proposition l275[ Let a denote surface measure on S'^~^. For h >0, 
(5.1) \\ ha * ha 11^2 = / h{a)h{b)h{c)h{d) dX{a,b, c, d) 
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for a certain nonnegative measure A which is supported on the set where a + b = c + d, 
and which is invariant under the transformations 

(a, b, c, d) I— 7- (6, a, c, d), 

ia,b,c,d) ^ {c,d,a,b), 

(a, 6, c, d) H-)- (a, — c, —b, d) 

(a, 6, c, d) I— 7- (—a, —6, — c, —d). 

This invariance, which is essential to the discussion, follows from the identities 

fa* ga = ga* fa, 
{fa * ga, ha * ka) = {ha * ka, fa * ga), 
{fa * ga, ha * ka) = {fa * ha, ga * ka) 

for arbitrary real- valued functions, where F{x) = F{—x). 

Denote by G the finite group of symmetries of (M'^)^ which these generate. G has 
cardinality 48. For exactly one of a, —a appears; suppose that a appears. There are 
4 places in which it can go. ±6 can then go into any of 3 slots, but whether it is +b 
or —b is determined by which slot. There remain two slots into which ±c can go; 
again, the ± sign is determined by the slot. ±d then goes into the remaining slot, 
with the ± sign again determined. The analysis is parallel if —a appears. Thus there 
are 2x4x3x2 = 48 possibilities. 

By the orbit of a point we mean its image under G; by a generic point we mean one 
whose orbit has cardinality 48. In flS.ip . it suffices to integrate only over all generic 
4-tuples (a, b, c, d) satisfying a + b = c + d, since these form a set of full A-measure. 

To the orbit O we associate the functions 

HO)= fia)f{b)f{c)f{d) 

(a,b,c,d)eO 

j-.(O) = Uci)hib)Uc)fM- 

{a,b,c,d)eO 

Let fl denote the set of all orbits of generic points. We can write 

\\f*f\\h= [ HO) d~x{o) 

Jn 

\\f**M\l^= [ J'.io)dXiO) 

Jn 

for a certain nonnegative measure A. Therefore it suffices to prove that for any generic 
orbit O, 

(5.3) Y < E Mc^)mf.{c)fM- 

{a,b,c,d)eO {a,b,c,d)£0 

Fix any generic ordered 4-tuple (a, b, c, d) satisfying a+b = c+d. We prove (15. 3p for 
its orbit. By homogeneity, it is no loss of generality to assume that /^(a) + /^(— a) = 1 
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and that the same holds simultaneously for b, c, d. Thus we may write 

/(a) = cos(v9), f{h) = cos(V^), /(c) = cos(a), f{d) = cos(/3) 

for some (p,ilj,a,(3 G [0,7r/2] with f{—a) = siia{{p), . . . f{—d) = sin(/3). This means 
that 

= 2~^^'^ for each x G {±a, ±6, ±c, ±d}. 



Now 



I Yl fW)f{h')f{c')f{d') = cos(^) cos(^) cos(a) cos(/3) 

{a' ,b' ,c' ,d')&0 

+ sin(y9) sm{i/j) sin(a;) sin(/3) 
+ cos{(p) sm^ip) cos(a) sin(/3) 
+ cos((y9) sin('?/') sin(a;) cos(/3) 
+ sin((y9) cos('?/') cos(a;) sin(/3) 
+ sin(y9) cos(?/') sin(Q;) cos(/3) 
= r(v2,^,a,/3) 



where 



T{ip, ip, a, (3) = cos{ip) cos{i/j) cos(a) cos(/3) 

+ sm{ip) sin^ip) sin(Q;) sin(/3) + sm{{p + ip) sin(a + (3). 

Therefore the following lemma will complete the proof of Proposition I2.5[ □ 

Lemma 5.1. 

(5.4) max r(o9, -0, a, /3) = |. 

Moreover, this maximum value is attained only at (^, ^, |, ^). 
Since 

r(f,f,f,f) = i + (i/v^)4 + (i/v^)^ = |, 

the maximum value of V is at least |. This point corresponds to the values taken by 
fi,. Compare this with r(0, 0,0,0) = 1, which represents the extreme case when / 
vanishes at one of each pair of antipodal points; this ratio (3/2)/l is the same 3/2 
which appears in Corollary 12.31 

Proof. We write F as 

r = cos(0 + ip) cos{a + (3) + sin(0 + ip) sm{a + /3) 

+ cos (f) cos Tp sin a sin /3 + sin (p sin ip cos a cos (3 
= cos((0 + ?/;) - (a + /3)) 

+ cos COS ip sin a sin /3 + sin sin ip cos a cos [3. 
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Now 

cos(0 + ijj) + cos(0 — ip) 1 + cos(c/) + V) 

COSfflCOS-W = < 

. ^ — cos(q! + /3) + cos(a — /3) 1 — cos(« + (3) 

sm a sm p = ^ < 

^ 2 - 2 

with equality only if (p = and a = /3, and there are similar identities for sin^sin?/; 

and cos a cos /3. Therefore 

r < cos((0 + ^) - + 

+ i (1 + cos(0 + ^)) (1 - cos(a + /?)) + i (1 - cos(0 + ^)) (l + cos(a + 

= cos((0 + ^) - (a + /?)) + 1(1 - cos(0 + ^) cos(a + /?)) 

= cos((0 + V^) - + - |(cos((0 + V^) + {a + (3)) +cos((0 + V^) - + + | 

= i(cos((0 + V') - + -cos((0 + V^) + + + i 

<§• 

The value | can only be attained if all inequalities in this derivation are equalities. 
Equality in the final inequality forces (j) + ip + Oi + (3 = n and (p + ip = a + Together 
with the equalities (j) = ip and a = /3 already noted, these force (j) = ip = (^ = /3 = 
I □ 

6. Step 5: Big pieces of caps 

In this section we prove Lemma 12.61 While we are ultimately interested in estab- 
lishing strong structural control of near-extremal functions, here we establish a weak 
connection between functions satisfying modest lower bounds || /cr ||4 > 5||/||2, with 
6 > arbitrarily small, and characteristic functions of caps. 

For each integer k > choose a maximal subset {zl} C 5*^ satisfying {zj. — zH > 
2~k g^jj ^ _^ Then for any a; G S*^ there exists zl such that \x — zl\ < 2~*^; 
otherwise x could be adjoined to {z^}, contradicting maximality. Therefore the caps 
Cl = C{zl,,2~^~^^) cover S"^ for each k, and there exists C < oo such that for any k, 
no point of S"^ belongs to more than C of the caps C^. C is independent of k. 

For p G [1, oo), the Xp norm is defined by 



(6.1) ii/iix, = EE2"''(ic^rW J/i 

fe=0 j "^^k 

The factor 2"'^'^ can alternatively be written as 
Define also 

By Holder's inequality. 



(6.2) KAf) = {\ci\-' / i/i)(ic^r^ / \f?y 

Jci Js^ 



(6.3) A,,(/) < {\Cir i \f?y'\\Ci\-' I IflT'^" = \\fhHci)/\\fhHs^) < 1- 



52 
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It is shown in Lemma 4.4 of [19J that C Xp for any p <2. We will exploit the 
following refinement, which is very closely related to a result in Begout and Vargas 
[3], and whose somewhat tedious proof is deferred to ^ |T8l 



Lemma 6.1. For any p G [1,2) there exist C < oo and 7 > such that for any 

f e L\S^), 

(6.4) ll/llx,<C||/|hsup(A,,(/))^ 

Thus ll/llxp < Cpll/lh for any / G L^(S'^). Moreover, when the Xp norm is not 
significantly smaller than the norm, sup^ Afcj(/) cannot be small. 
Moyua, Vargas, and Vega [I9] have proved 

Proposition 6.2. There exist C < 00 and p G (1, 2) such that for any f G L^(S'^), 

(6.5) wToWmm < cil/IU,. 

This result contains Lemma [2^6] by an elementary argument, but we give the details 
for the sake of completeness. 

Proof of Lemma IKU Let 6 > 0. Let 7^ / G L?'{S'^) and suppose that H/aH 2,4(153) > 
5II/II2. For convenience, normalize so that II/II2 = 1. The hypothesis, combined with 
the Proposition and the above lemma, yields 

(6.6) supAfc,,(/)>c5^/^ 

Fix /c, J such that Akj{f) > ^c6^^^- Henceforth write C = Cl- Thus 

(6.7) [ \f\>co6'/^\C\'/' 



where Cq > is a constant independent of /. 

Let R>1. Define E = {x e C : \f{x)\ < R}. Set g = fxE and h = f - fxE- 
Then g^h have disjoint supports, g + h = f, g is supported on C, and \\g\\oo < R. 
Now \h{x)\ > R for almost every x G C for which h{x) 7^ 0, so 



(6.8) jJh\<R-' jJh\'<R-'\\f\\l = R''■ 
DeRne R by R~^ = ^Co6^/^\C\^/^. Then 

(6.9) f\9\= f I/I - / \h\>lco5'/^'\C\'/'. 



By Holder's inequality, since g is supported on C, 

(6.10) \\gh > \C\-'^''\\g\\LHc) > ob^l^ = c5^'^ 



Thus the decomposition f = g + h satisfies the conclusions of Lemma 12.61 with r]s 
proportional to 6^^"', and Cs proportional to 6~^^"'. □ 
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7. Analytic preliminaries 

7.1. On near-extremals. 

Lemma 7.1. Let f = g + h E L?'{S'^). Suppose that g h, g ^ 0, and that f is 
6-nearly extremal for some 6 G (0, |]. Then 

(7,1) Wh^p,„,,(^^lH^ 



Here C < oo is a constant independent of g, h. 

Proof. The inequality is invariant under multiplication of / by a positive constant, 
so we may assume without loss of generality that \\g\\2 = 1- We may assume that 
II /ill 2 > 0, since otherwise the conclusion is trivial. Define y = \\h\\2 and 

(7.2) r] = \\h(x*ha\\l^^/S\\h\\2. 

If ?7 > I then fl7.1l) holds trivially with C = 2/S, for the left-hand side cannot exceed 
1 since f = g + h with g -L h. 

Since ||/(T*/cr||2^^ is a constant multiple of ||/cr||4, the functional / i— )■ ||/o"*/cr||2^^ 
satisfies the triangle inequality. Therefore 

(7.3) (1 - SyS'WfWt <\\fcr*fa\\l<{\\ga* gaW'J' + \\ha * /ia||f < S^(l + vv)'. 
Since g -L h, II/II2 = 1 + 2/^ and therefore 

(7.4) ^i.s){l+y'Y/'<l+rjy. 
Squaring gives 

(7.5) {l-26){l + y^)<l + 2r]y + r]Y- 
Since 6 G (0, |] and 1] < ^, 

(7.6) ly^ <26 + 2r]y + r]Y < 25 + 27]y + \y' 

whence either y"^ < 165 or y < IGrj. 

Substituting the definitions of y, rj, and majorizing ||/i||2/||/||2 by 11/1112/11(7112, yields 
the stated conclusion. □ 

7.2. Simple bilinear convolution estimates. 

Lemma 7.2. Let f G L'^{S'^) be nonnegative, and satisfy II/II2 < 1- Let z E S"^ and 

e >0. Let R> 1 andO < p < I. Then for any R G M+, 

(7.7) 

||/c^*/(T|U^({H>2-e}) < CR'6'/'p + C{ [ f{x)dxy^' + C{ [ f\x)dxy'\ 

J f<yX)>R J\'-^-A>P 

Proof. Decompose f = g + h where g, h are nonnegative, 

\\hh<{ [ f\x) dxY'^ + ( / f\x) dxY'^ 

J f{x)>R J\'j:-z\>p 
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and \\g\\2 < 1, \\g\\oo < R, and g is supported on {x E S'^ : \x — z\ < p}. Then 

ga * ga{x) < R^a * a{x) < CR^\x\'^ 

for |x| < 2, and = otherwise. Moreover, ga * ga is supported in {x : \x — 2z\ < 2p}. 
The L^(M^) norm of over the intersection of this region with {a; : |x| > 2 — £:} is 
< Cpe^/"^. This gives the bound CR^pe^^'^ for H^fcr* (7(t||2. Since \\g\\2 < 1, the general 
inequahty 

||Fa*Ga|U2(K3)<C||F||2||G||2 
gives the required bound for both ga * ha and ha * ha. □ 

Corollary 7.3. Let {fu} he a sequence of real-valued functions which are upper even- 
normalized above with respect to a sequence of caps of radii r^. If 

(7.8) 6Jrl ^ 0, 

then 



(7.9) / (|/^|(T* |/^|a)^c/a; ^ as 1/ ^ oo. 

J\x\>2~S^ 

Lemma 7.4. Let f G L'^{S^) he a function which is upper even-normalized with 
respect to a cap C of radius r. Then for all R> 1, 

(7.10) / \ifa*fa)ix)\'dx<^iR) 

J Ri/2r<\x\<2-Rr^ 

where "^{R) — ?■ as R ^ oo, and \E' depends only on the function B in the normal- 
ization inequalities fl2.17p .f l2T5]) . not on r. 

Proof. It suffices to prove this for r small, R large, and Rr^ uniformly bounded. Let 
C = C{z, r) have center z G S"^. Let A G [1, oo) and decompose / = g^ + h^ + g_ + h_ 
where g+,g^ are supported respectively in C{z,Ar) and C{—z,Ar), \\h^\\2 < Q{A) 
and \\h-\\2 < 6(A), where Q{A) as A cx). 

Expand fa * fa as a sum of the resulting 16 terms. The terms g^a * g^a and 
g^a * g_a are supported where |x| > 2 — CA'^r'^. If we choose A so that CA"^ < R 
then these vanish identically in the region \x\ < 2 — Rr^. The (two) terms g^a * g-a 
are supported where |x| < CAr. Therefore they also contribute nothing, provided 
that CAr < R^/^r. 

Each of the remaining terms involves at least one factor of /i+ or of h_. Since 
\\Fa * G(T||i2(K3) < C||F||2||Gi|2 for all F,G e L^{S^), and since ^±,/i± = 0(1) in 
L'^{S'^) norm, each of these terms is 0(||/i±||2). Therefore 

(7.11) / \fa*faix)\^dx<Ce{AY 

J R^/^r<\x\<2-Rr2 

for any A which satisfies CA^<R. This completes the proof, provided that Rr^ = 
0(1). □ 

The set of all caps can be made into a metric space. Define the distance p from 
C{y, r) to Ciy' , r') to be the Euclidean distance from (?//r, log(l/r)) to {y' /r' , log(l/r')) 
in X M+. Note that for instance when r = r', the distance is r^^\y — y'\, so this 
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distance has the natural scaling. If y = y', then the distance is | log(r/r')|; this has 
the natural property that it depends only on the ratio of the two radii. The definition 
ensures that this is truly a metric. 

For any metric space {X, p) and any equivalence relation = on X, the function 
q{\x\, [y]) — infa;/e[^]_y/g[j^] p{x',y') is a metric on the set of equivalence classes X/ =. 
Let Ai be the set of all caps C <Z S'^ modulo the equivalence relation C = —C, where 
—C — {—z : z e C}. Then the following defines a metric on M.. 

Definition 7.1. For any two caps C,C' C -S"^, 

(7.12) gi[C], [C]) = min(p(C,C'),p(-C,C')) 
where [C] denotes the equivalence class [C] = {C, —C} e J\4. 

We will also write g{C,C') = g{[C], [C]). 
Lemma 7.5. For any e > there exists p < oo such that 

(7.13) \\xc<J * Xc'<j||l2(m3) < e\C\'/^\Cf/^ 
whenever 

giC,C')>p. 

Proof. Let C = C{z,r), C = C{z,t). Set / = \C\-^'\c < Cr-\c, f = \C\-'^\e < 
Cf ^Xc- Without loss of generality, r < r. We may suppose that f <^ 1; otherwise 
the caps are not far apart. We will also assume at first that no points are nearly 
antipodal, that is, that |a; + 5| > S for all x £ C and x & C, for some fixed constant 
S > 0; we will return to this point later. 

Consider first the case where r ^ f. Then we may assume that \z — z\ > lOr, say. 
Then fa* fa has L°° norm < Cr~'^ -r /\z — z\, and is supported in a three-dimensional 
cylinder whose base has radius Cr and whose height is < Cr^ + Cr\z — z\ < Cr\z — z\. 
The volume of this cylinder is < Cr^\z — z\. In all, 

(7.14) Wfa * /a|U2(M3) < Cr-^\z - ~z\-' ■ r^'^\z - f = c{r/\z - ~z\y'\ 

which is small precisely when the caps are far apart. 

Consider next the case where f <^r, and still — 5| > lOr. Then the L°° norm 

is < Cr~^f~^ ■ r\z — z\~^. The support is contained in a tubular neighborhood of 
a (translated) cap of radius Cr; this tubular neighborhood has width < Cf\z — z\. 
Hence the volume of the support is < Cr^r\z — z\. Consequently 

(7.15) Wfa * /(7||i2(K3) < Cr-^r-^\z - z\-^ ■ rf^'^\z - ~z\^'^ 

^C{f/\z-z\Y''' <C{f/rf'''. 

Consider next the case where f <^r, and \z — z\ < lOr. It suffices to replace / by 
its restriction F to the complement of the cap C* centered at z of radius lOr^/^f^/^; 
for 



(7.16) 



11/ - F\\2 < Cr~\^'^f^'^ = C{f/rf'^ < 1. 
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Fa * fa is supported in a region of volume < Cr^r, and as is easily verified, 

(7.17) \\Fa * /alloc < Cr-^r' ■ (f/r3/VV4) _ ^^-7/4~-i/4_ 
Therefore 

(7.18) ||Fa * fah < Cr-'/^f~'/^ ■ {r^fY^^ = Cr'^l^r^l^ < 1. 

It only remains to handle caps which are nearly antipodal. But this follows from 
the non-antipodal case by the identity 

(7.19) ll/a * gah = \\ra * ga\\^ 



where f*{x) = f{—x). □ 

7.3. Fourier integral operators. Here we discuss another ingredient required for 
the proof of Lemma 112. 2[ certain estimates which rely on cancellation, in contrast to 
those in the preceding section. 

For < p < 1 define Tp : L\S^) L\S^) by 



(7.20) Tpf{x) = J f{y)d^i,M 

where fix,p is arc length measure on the circle {y E S"^ : \y — x\ = p} , normalized to 
be a probability measure. 

Let A denote the spherical Laplacian. 

Lemma 7.6. 

(7.21) ||T,/|U.(5.) <C||(/-p2A)-i/VlU^(5^) 
uniformly for all p > and all f G L^(S'^). 

Sketch of proof . There are three elements in the proof of (17.2 ip . 

(i) Consider any fixed p G (0, 2). Define $p(x, y) = \x — — p^. Then the 3x3 
matrix 



(7.22) 



d<!>p/dx 
J)^p/dy d'^^p/dxdy^ 

is nonsingular for any {x,y) satisfying ^p{x,y) = 0. This is a straightforward com- 
putation, easily done by taking advantage of rotational symmetry to reduce to a 
computation of Taylor expansions about x = (0, 0, 1) and y = (cos(6'), 0, sin(6')). 

(ii) Tp is defined by integration against a smooth density on {{x,y) E S"^ x S'^ : 
^p{x,y) = 0}. As discussed on pages 188-9 of [22], the nonsingularity of the matrix 
fl7.22p implies that Tp is a Fourier integral operator of order — (n — l)/2 = —1/2 on 
5*" = S"^. Any such operator is smoothing of order 1/2 in the scale of Sobolev 
spaces [22] . 

(iii) If Tp is rewritten with appropriate normalizations in coordinates adapted to 
any cap C{z,p), then the inequality holds uniformly in p. The only issue here is 
as p — 7- 0, but plainly in that situation there is a limiting operator on M^, / i— )■ 
/51 f{x~y) dp{y) where p is arc length measure on 5*^ C M^. This limiting operator 
is again a Fourier integral operator of order —1/2. It follows that the bounds are 
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uniform after rescaling. Reversal of the rescaling introduces the factor to A in the 
inequahty. □ 

The operators Tp arc related to our bilinear convolutions: For / G L'^{S'^) and 
X e satisfying < |x| < 2, 

(7.23) Ua*a){x) = c\x\-%f{xl\x\) 
where 

(7.24) p^ + \x/2\^ = l. 

Define e^{x) = e*^'^, for a; G and ^ G C (and in particular for x G S"^). There is 
the more general identity 

(7.25) {fa * ei^a){x) = ei^{x) {e-i^fa * {x) = c\x\~'^ei(^{x)Tp{e-i^f){x). 

Suppose that g G L'^{S'^) takes the form g{x) = j ^ a{^)e,i^{x) dv{^) where H dM? 
is a two-dimensional subspace, u is Lebesgue measure on and a G L'^{H). Then 

(7.26) {fa * ga){x) = c\x\-' [ a{i)e,^{x)Tp{e.,^f){x) du{i). 

For t G (0, 2) define p{t) > by 

(7.27) p{tf + {t/2f = 1. 
Then for any interval / C (0, 2), 



(7.28) 



\{fa*ga){x)\^dx<C 
\x\ei Ji 



H 



\a{0\-\Tp^t){e-icf)\dC 



t^dt 



C 



H 



\a{C)\■\Tp^t){e-^d)\dC 



dt. 



7.4. Fourier coefHcient estimates in terms of the spherical Laplacian. The 

following routine lemma is convenient because it provides an intrinsic characterization 
of expressions which arise in the analysis. The proof relies on the machinery of 
pseudodifferential operators, and is left to the reader. 

Lemma 7.7. Let C he a cap of radius Q < \- Let he the rescaling map associated 
with C. Let f he supported in C U (— C). Then for any i G R and < r < g, 
(7.29) 

C-i(7-r^A)*/V|lV) < / m{mi + \rQ-'eyd^<C\\{I-r'Af'f\\l.^s^y 



Here C G (0, oo) depends on t but not on f, r, g, C. 
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8. Step 6A: A decomposition algorithm 

The following iterative procedure may be applied to any nonnegative function 
/ G L^(S'^) of positive norm. 

Decomposition algorithm. Initialize by setting Go = /) and Eq = 1/2. 

Step z/: The inputs for step z/ are a nonnegative function E L'^{S'^) and a positive 
number Si,. Its outputs are functions fu,G,,+i and nonnegative numbers e*,e^+i. If 
\\G^a * G^a\\2 = then G^ = almost everywhere. The algorithm then terminates, 
and we define = 0, f,, = 0, and = //^ = 0, £^ = for all /x > z/. 

If < \\G,,(r * G,,cr\\2 < ^l^'^WfWl then replace e^, by e,y/2; repeat until the first 
time that \\GuO' * Gucr\\2 > £:^S^||/||2. Define to be this value of e^- Then 

(8.1) iO'S'WfWl < \\G.a * GM2 < ^etfS'WfWl 

Apply Lemma 12.61 to obtain a cap C^, and a decomposition Gj, = /j, + G,^+i with 
disjointly supported nonnegative summands satisfying /j, < Gi^||/||2|Ci.|^^/^xc^, and 
ll/i/lh > "'^i/ II /II 2- Here G^, rj^, are bounded above and below, respectively, by quantities 

1 /2 

which depend only on ||G,yCr * Gucr\\2 /||G;y||2 > £l- Define e^+i = e^, and move on 
to step z/ + 1. □ 

It is important for our application to observe that if / is even then at every step, 
fu may likewise be chosen to be even. The upper bound for f,y then becomes 

(8.2) fu<G,\C\-'/\cu-c- 

Henceforth the algorithm will be applied only to even functions, and we will always 
choose all fu to be even. 

If the algorithm terminates at some finite step u, then a finite decomposition 
/ = ELo fk results. 

Lemma 8.1. Let f G L'^{S'^) be a nonnegative function with positive norm. If 
the decomposition algorithm never terminates for f , then — )■ as z/ — > oo, and 

Proof. Assume without loss of generality that II/II2 = 1- The functions fiy have 
disjoint supports and hence are pairwise orthogonal, and fi^ — so J2u \\fA\2 — 
II /II 2- Since the sequence e* is nonincreasing and ||/i/||2/||/||2 is bounded below by a 
function of e*, this forces e* — 0. 

The second conclusion is equivalent to IIG7VII2 — ^ 0. \\fu\\2 is bounded below, 
according to Lemma |2T6| by a function of WG^^a * G;^cr||2. Since ^^H/iyjli < oo? 
\\fu\\2 and therefore ||G,^cr * Gj,cr||2 — )■ 0. By construction, G^+i{x) < Gy{x) for 
every x G S*^, so G(x) = lim,^_^oo Gi,(x) exists and \\G(7 * Gcr||2 < ||G;ycr * Gi/cr || 2 for 
all V. Thus Ga * Ga = 0, so G = 0. This forces ||G;/||2 0, by the dominated 
convergence theorem. □ 

For general /, this decomposition may be highly inefficient. But if / is nearly 
extremal for the inequality (12. ip then more useful properties hold. 
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Lemma 8.2. There exists a continuous function 6 : (0, 1] — t- (0, oo) such that for 
any e > there exists 6 > such that for any 6-nearly extremal nonnegative function 
f G L'^{S'^) satisfying \\f\\2 = 1, the functions fviGi, associated by the decomposition 
algorithm to f satisfy 

(8.3) ll/j^lh > ^(||G';^||2) for any index v such that \Gy\2 > ^■ 

This is a direct consequence of Lemmas 12.61 and 17.11 It is essential for applications 
below that Q be independent of e. 

If / is nearly extremal, then the norms of fy, Gy enjoy upper bounds independent 
of /, for all except very large v. 

Lemma 8.3. There exist a sequence of positive constants 7jy — > and a function N : 
(0, |] — !■ Z+ satisfying N{6) — )■ 00 as 5 — )■ such that for any nonnegative f G L^(S'^), 
if f is 6-nearly extremal then the quantities e* obtained when the decomposition 
algorithm is applied to f satisfy 

(8.4) el < 7^ for all v < N{5). 

(8.5) ||G,||2<7.||/l|2/ora//z/<iV(5). 

(8.6) ||/.||2<7.||/l|2/ora//z/<iV(5). 

This holds whether or not the algorithm terminates for /. 
Proof. 

(8.7) S^GAl>\\G,a*Gyah>e:'S'\\f\\l=(e:^f\\l/\\GAl)s'^ 

so < II Gi/ II 2/ II /II 2- Thus the second conclusion implies the first. Since \\fu\\2 < 
||G',y||2, it also implies the third. 

We recall two facts. Firstly, Lemma ITm applied to h = G^ and g = fo + - ■ ■ + fu-i, 
asserts that there are constants Co,Ci G such that whenever / G is 5- nearly 
extremal, either \\Gi,a * G,ya\\2 > Co||G,y||2ll/||2 ^5 ll^i^lb < C'l'^^^^ll/lh- Secondly, 
according to Lemma 12.61 there exists a nondecreasing function p : (0, 00) — (0, 00) 
satisfying p{t) — )■ as t — )■ such that for every nonzero f E L'^ and any z/, if 
\\Gya * Gyoh > t\\Gy\\l then Wfyg > p(t)||G,||2. 

Choose a sequence {ju} of positive numbers which tends monotonically to zero, 
but does so sufficiently slowly to satisfy 

(8.8) vilp{coll) > 1 for all u. 
Define N{6) to be the largest integer satisfying 

(8.9) 7JV(5) > Gi6'/\ 

N{6) — !■ 00 as 5 — )• because 71. > for all z/. 

Let f,6 be given. Suppose that z/ < N{6). We argue by contradiction, supposing 
that ||G^||2 > 7:.||/||2. Then by definition of N{5), \\G42 > GiS^^^Wf^. By the 
above dichotomy, 

(8.10) \\Gya * G,a||2 > co||G.||^||/||2-' > co7^||G,||2. 
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By the second fact reviewed above, 

(8.11) ll/.||^>p(co7^)l|G'.||^>7Mco7^)ll/ll2- 

Since 11^^112 > ll'^i^l|2 for all < ^, the same lower bound follows for \\fu\\2 for all 
/i < z/. Since the functions are pairwise orthogonal, J2f_i<u II II 2 — II /II 25 
consequently z^7^p(co7^) < 1, a contradiction. □ 

The next lemma also follows directly from the decomposition algorithm coupled 
with Lemma [2 .Gi 

Lemma 8.4. For any e > there exist > and < 00 such that for every 
6e-nearly extremal nonnegative function f G L^, the functions f^, G^, associated to f 
by the decomposition algorithm satisfy 

(i) For any v , if > ^||/||2 then there exists a cap Cy C S"^ such that 

(8.12) f.<Cm2\CA-"\cM. 



(^^) If\\GA2>e\\fhthen H/.b > 4II/II2. 

9. Step 6B: A geometric property of the decomposition 

We have established inequalities concerning the norms of the functions f^-, G^ 
which the decomposition algorithm yields, based on quite general principles and a 
single analytic fact. Lemma 12.61 concerning the particular inequality which we are 
studying. We next establish an additional inequality of a geometric nature, based on a 
single additional fact, the weak interaction of distant caps in the sense of Lemma 17751 

Lemma 9.1. In any metric space, for any N, r, any finite set S of cardinality N and 
diameter equal to r may he partitioned into two disjoint nonempty subsets S = S'US" 
such that distance (5", S"') > r/2N. Moreover, given two points s',s" G S satisfying 
distance (s', s") = r, this partition can be constructed so that s' G S' and s" G S" . 

Proof. Consider the metric balls centered at s' of radii kr/2N for k = 1,2, ■ ■ ■ , 2N. 
By the pigeonhole principle, there exists k such that (-Bfc+i \ Bk) fl S' = 0. Set 
S' = BkH S, S" = S \ S'. The triangle inequahty yields the conclusion. □ 

Lemma 9.2. For any e > there exist 6 > and A < 00 such that for any < / G 
L'^{S'^) which is 6-nearly extremal, the summands f^ produced by the decomposition 
algorithm and the associated caps Cy satisfy 

(9.1) Q{Cj,Ck) < X whenever Wf.h > eWfh and Wf^h > e\\fh. 

Here g is the distance between Cj U —Cj and Ck U —Ck, as defined in Definition 17.11 

Proof. It suffices to prove this for all sufficiently small e. Let / be a nonnegative 
function which satisfies II/II2 = 1 and is (5-nearly extremal for a sufficiently small 
6 = S{e), and let {G^, f^} be associated to / via the decomposition algorithm. Set 

Suppose that ||/jo||2 > ^ and H/fcolh > ^- Let N be the smallest integer such that 
||G'Ar+i||2 < s^. Since ||Gi,||2 is a nonincreasing function of z/, and since ||/iy||2 < ll^i^lh, 



EXTREMALS FOR A FOURIER RESTRICTION INEQUALITY 



25 



necessarily Jq, < N. Moreover, by Lemma I8.3[ there exists < oo depending 
only on e such that < M^. By Lemma [8 .4^ if S is chosen to be a sufficiently small 
function of e then since ||G'!y||2 > £^ for all v < N ^ f,, < ^(e)|C|~^/^xcu-c for all such 
I/, where 6^ is a continuous, strictly positive function on (0, 1]. 

Now let A < oo be a large quantity to be specified. It suffices to show that if 5{e) 
is sufficiently small, an assumption that g{Cj,Ck) > A implies an upper bound, which 
depends only on e, for A. 

Lemma 19.11 yields a decomposition F = Fi + F2 = J2iyeSi + '^ueS2 where 
[0, A^] = 5*1 U 5*2 is a partition of [0, A^], jo e ^i, fco G and Q{Cj,Ck) > X/2N > 
A/2Me for all j G Si and k E S2. Certainly ||-Fi||2 > H/jolh > £ and similarly 
II -^2 II 2 > The convolution cross term satisfies 

(9.2) ||Fia * F2a||2 <J2J2 H^^'^ * ^^^"^ ^ M^^{X/2M,)e{e)\ 

j€Si k€S2 

where 7(A) — T-OasA— T-ooby Lemma [7.5[ Therefore 

||Fa * Fa||^ < ||Fia * Fia||^ + \\F2a * F2a\\l + C||/||2||Fi(t * F2cx\\2 
^^■^^ < S^llFill^ + S^llFall^ + M^^{X/2M,)e{ef. 

Since Fi,F2 have disjoint supports, ||-Fi II2 + ||-^2||2 ^ II/II2 = 1 consequently 

(9.4) llFill^ + ||F2||^ < max (||Fi||2, \\F2\\l) ■ + \\F2\\l) < {1 - e') ■ 1 < 1 - e'. 
Thus 

(9.5) ||Fa * Fa\\l < S\l - e^) + M^^{X/2M,)e{ef. 
Therefore 

(1 - <\\fa* fa\\2 <\\Fa*Fa\\2 + CWfUf - F^ 

(9-0) n n q 

<\\Fa*Fa\\2 + Ce^, 

so by transitivity 

(9.7) (1 - 5)^S^ < Ce^ + S\l - e^) + M^^{X/2M,)e{ef. 

Since 7(t) — )■ as t — > 00, for all sufficiently small e > this implies an upper bound, 
which depends only on e, for A, as was to be proved. □ 

10. Step 6C: Upper bounds for extremizing sequences 

Proposition 12.71 states that any nearly extremal function satisfies appropriately 
scaled upper bounds relative to some cap. It is convenient for the proof to ffist 
observe that a superficially weaker statement implies the version stated. 

Lemma 10.1. There exists a function G : [l,oo) — (0, 00) satisfying Q{R) — )■ as 
i? — )■ 00 with the following property. For any e > and R G [1, 00) there exists 6 > 
such that any nonnegative even function f satisfying II/II2 = 1 which is S-nearly 
extremal may be decomposed as f = F + G where F, G are even and nonnegative 
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with disjoint supports, \\G\\2 < e, and there exists a cap C = C{z,r) such that for any 
Re[l,R], 

(10.1) I F^{x)dx <e{R), 

(10.2) / F\x)dx <e{R). 

J F{x)>Rr-^ 



Proof that Lemma \10.1\ implies Proposition \2. 7\ Let 6 be the function promised by 



the lemma. Let e, f be given, and assume without loss of generality that e is small. 
Assuming as we may that G is a continuous, strictly decreasing function, define 
R = R{e) by the equation Q{R) = e^/2. Let C = C{z,r) and 5 = 5{e,R{e)) along 
with F, G satisfy the conclusions of the lemma relative to e, R{e). Define x to be the 
characteristic function of the set of all x E S'^ which satisfy either min(|a;— |a;+z|) > 
Rr, or F{x) > ^|C|~^/^. Redecompose f = F + G where F = (1 — x)F and 
G = G + xF- Then ||G'||2 < 25, while F satisfies the required inequalities. For 
instance, ii R < R then jp^^^^^^^^^^_^,2 F{xY dx < jF{x)>R\c\-^/^ - ®(-^)' 

while the integrand vanishes if R > R. □ 



Proof of Lemma \10.1\ Let rj : [l,oo) — t- (0, oo) be a function to be chosen below, 
satisfying rjit) as t ^ oo. This function will not depend on the quantity R. 

Let R > 1, R E [I, R], and e > be given. Let 6 = 6{e, -R) > be a small quantity 
to be chosen below. Let < / G L'^{S'^) be even and 5-nearly extremal. It is no loss 
of generality to normalize so that II/II2 = 1- 

Let {/i,} be the sequence of functions obtained by applying the decomposition 
algorithm to /. Choose 6 = 6{e) > sufficiently small and M = M{e) sufficiently 
large to guarantee that ||Ga/+i||2 < £^/2 and that fu.G^ satisfy all conclusions of 
Lemma El and Lemma for z/ < M. Set F = YllLof<^- Then ||/ - F\\2 = 
||G'a./+i||2 < e/2. 

Let G {0, 1, 2, ■ • ■ } be the minimum of M, and the smallest number such that 
ll/Af+ilh < V- ^ is majorized by a quantity which depends only on rj. Set = J^n = 
'I2k=o fk- It follows from Lemma EH part (ii), that 

(10.3) ||F — J^\\2 < ^{ri) where 7(77) — )■ as — )■ 0. 

This function 7 is independent of e, R. 

To prove the lemma, we must produce an appropriate cap C = C{z,r), and must 
establish the existence of B. To do the former is simple: To /o is associated a cap 
Co = C{zo,ro) such that /o < G\Co\~^^'^{xcou-Co)- C = Co is the required cap. Note 
that by Lemma [2. 6 [ ||/o|| > c for some positive universal constant c. 

Suppose that functions R ri{R) and R 1— )■ 6(i?) are chosen so that 



(10.4) 
(10.5) 



ri{R) as i? 00 
7(r/(i?)) < 0(i?) for all R. 
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Then by fllO.Sp . F — T already satisfies the desired inequahties in L^(5'^), so it 
suffices to show that T{x) = whenever min(|x — z\, \x + z\) > Rtq, and that 

ll^lloo < -R|Co|~"'"^^. 

Each summand satisfies fk < C{r])\Ck\^^^'^XCkU-Ck where C(?7) < oo depends only 
on Tj, and in particular, fk is supported in Ck U —Ck- \\fk\\2 > V for all A; < A^, by 
definition of A^. Therefore by Lemma 19.21 there exists a function rj X{ri) < oo, 
such that if 6 is sufficiently small as a function of rj then p(Cfc,Co) < A(77) for all 
k < N. This is needed for rj = ri{R) for all R in the compact set [1, R], so such a 6 
may be chosen as a function of R alone; conditions already imposed on 6 above make 
it a function of both e, R. 

In the region of all x E S"^ satisfying min(|a; — ZoM^^ + ^^ol) > Rro, either fk = 0, or 
Ck has radius > ^Rtq, or the center Zk of Ck satisfies ma.x{\zk — Zo\,\zk + Zq\) > ^Rtq. 
Choose a function R i— ri{R) which tends to sufficiently slowly as i? — )■ oo to ensure 
that X{t]{R)) — )■ oo sufficiently slowly that the latter two cases would contradict 
the inequality g{Ck,Co) < A, and therefore cannot arise. Then = when 

min(|a: — 1 > k + 2^0 1) > Rf^o- 

With the function r] specified, 9 can be defined by 

(10.6) e{R) = ^{v{R)). 

Then ffTOlD holds for all Re[l,R]. 

We claim next that ||J^||oo < -R|Co|~^^^ if R is sufficiently large as a function of rj. 
Indeed, because the summands fk have pairwise disjoint supports, it suffices to control 
maxfc<Ar ||/fc||oo- Again, by Lemma ||/fc||oo < C {r])\Ck\~^^'^ ■ If vi^) is chosen to 
tend to zero sufficiently slowly as i? — > 00 to ensure that C{rj{R))X{ri{R)) < R for all 
k < N, then inequality (110. 2p holds provided that is defined by (110. 6p . 

The final function rj must be chosen to tend to zero slowly enough to satisfy the 
requirements of these proofs of both (110. ip and (110.21) . □ 

11. PRELIMINARIES FOR StEP 7 

Let a sequence of functions {g^} C L^(R^) satisfy g^ > 0, \\gu\\2 1, 

(11.1) / g^{xfdx<Q{R), 

J\x\>R 

(11.2) / g^{xydx<Q{R), 

Jgu{x)>R 

where Q{R) — )■ as i? — t- 00 uniformly in v. Thus g^ is upper normalized with 
respect to the unit ball B d M?. This prevents g1 from converging weakly to a 
Dirac mass; it forces any weak limit of g1 to be absolutely continuous, and to satisfy 
the same inequality involving B. In the proof of our main theorem, this situation 
arises with g^ = (j)Q^{Fy) where {fu} is an extremizing sequence with a decomposition 
f,j = Fy + Gy satisfying || 6*1/112 — ^ 0, and Fy is upper even-normalized relative to a 
cap Cy. 

The following simple lemma is the only place in the analysis where the nonnega- 
tivity of an extremizing sequence is used. 
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Lemma 11.1. If {Qu} satisfies the hypotheses listed above, then for any A> there 
exists c > such that for all v, 

(11.3) / \m)?di>c. 

Proof. Let g G L'^iM?) be a nonnegative function which satisfies \\g\\2 = 1 and the 
inequahties ( jTLTll .( 111^211 . For t > let ft{y) = e-*!*'!'/^. Then 

(11.4) J g^.dy = i2n)-'J giOm) = i^^r't-' J gi^e-^^^"^'' 

For any R, p > 1 let S = {y : \y\ < R and g{y) < p}. Provided that R, p are chosen 
to be sufficiently large that Q{R) + 6(p) < |, 

/ g^tdyye-'"""/^ [ g{y)dy 

JR2 Js 

>e-*^^/V^ / g\y)dy 

= e-'^'/'p-\\\g\\l- [ g\y)dy) 



> le-'^'/^p-^ 
for any t > 0. On the other hand, by Cauchy-Schwarz 

POO 

^\>A Jr=A 



TT 



oo 

1/2 



/ e-'ds) 

Js=A^/t 
^1/2^^1/2^- Ay 2t_ 



Cauchy-Schwarz also gives 

m)\t-'e~\'^'/''d^ < ( / m)\'d^f\2ny/'{ rt-'e~^'''rdrf'' 

S,\<A J\i\<A J 

1/2 



Therefore 

^''h-^'H [ m\'dd'^"> I M)t-'e-\^^'"'d^- I m)\t-'e-\^^''''di 

Now substitute t = A'^/'j where 7 = 7(^4) > 1 to obtain 

(11.5) 7r'/^^'/^A-\ [ m)\'d^Y^' > 7re-^'«'/27^-i _ ^i/2^i/2^-ig-7/2_ 
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R, p have already been fixed, independent of A. As all three of these quantities remain 
fixed and 7 — )■ 00, this last lower bound tends to 7rp~^ — > 0. Thus choosing 7 
sufficiently large yields the desired lower bound. □ 

Lemma 11.2. Let Cq > 0. Let {qi,} be any sequence of functions in L^(R^) satisfying 
\\gu\\L'2 = 1 and J|^|<i |^(0r ^ Cq. Then either there exists a function ^ : [1, 00) 
(0, 00) satisfying 

(11.6) e{s) ^ as s ^ 00 
such that 

(11.7) / \gu{i)?di < e{s) for all s e [l,oo) and all v, 

or there exist a subsequence 00 and real constants 5 > 0, > 0, and > 

Sfe > 1 such that Sk — )■ 00, Sk 0, Sk = s^, 

(11-8) / |^,(ONe>'^ 

J\^\<Sk 

(11-9) / \g;;,m'dc>s 

J\i\>Sk 

(11-10) / i^,(oro?e<£fe- 

-'Sk<\i\<Sk 

In this lemma, 6 is permitted, in principle, to depend on {Qu}, and ek,Sk are 
permitted to depend on {gi,} and on k in an arbitrary manner, provided only that 
they satisfy the stated conditions. 

Proof. Define a sequence Pi,P2i''' by pi = 2 and by induction, pj+i = p|. If the 
conclusion does not hold, then after passing to a subsequence and renumbering, we 
have 



(11.11) / \g^{^)\^ d^ > S foi an u. 

Consider a large u. Since 



u-l 



(11-12) E / \9.m'd^ < i^^flMl < (27r)^ 

and there are u — 1 summands, there must exist j(i/) satisfying 
(11-13) / \g,{0\'d^<Cu-\ 

It suffices to set s^, — Pj{u), Si, — Pj{y)+i — s^, and Si, — Cu'^. □ 
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12. Step 7: Precompactness after rescaling 

Let {fu} be an even nonnegative extremizing sequence, uniformly upper even- 
normalized with respect to caps C^. Set gi, = 4>l{fu), where (p^, is the rescaling 
map associated to C^. Suppose that 0. If the first conclusion of Lemma 111.21 

holds, then we obtain the conclusion of part (i) of Proposition 12.81 If not, then after 
passing to a subsequence, {g^} satisfies the conclusions of the second alternative of 
Lemma 111.21 

Split 

(12.1) gu = g'. + g:r + 9t 



where 

(12.2 

(12.3 

(12.4 

(12.5 

(12.6 

(12.7 

(12.8 



Il^?°ll2 > S, 
llClh > 5, 

||5'l!,||2 < £u, 

g%C,) is supported where |,^| < 2s,^, 
g^{^) is supported where |^| > ^S^,, 
oil 9"^ upper normalized with respect to B, 
as z/ —7- oo. 



Here 5 > is a certain constant independent of z/, and B denotes the unit ball in M^. 
This splitting is accomplished via an appropriate C°° three term partition of unity 
in the Fourier space R|. 

Write Cu = C{zi,,r^). The above decomposition of g^ = <t>l{fv) induces a corre- 
sponding decomposition 

(12.9) f^ = F^ + F^ + Ft 

where all three summands are real-valued and even, and for all sufficiently large i', 

(12.10) F^, fI are upper even-normalized with respect to Cy, 

(12.11) ||F^||2 ^ as z/ ^ oo, 

(12.12) ||F0||2>5/2, 

(12.13) ilFrib > 5/2, 

(12.14) F° and F^ are supported in C(z^, \). 
Moreover: 

Lemma 12.1. The decomposition fy = F^ + F^ + F^ may be carried out so that the 
above conditions are satisfied, and moreover, for certain constants C,Cn < oo, the 
summands F^, F^ admit representations 

(12.15) F^{y)= f al'^{Oe'y<d^, F^{y) = f a^'^{Oe'y<d^ 

•J Hu J Hi/ 
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where the representations with + signs are valid for y ^ C^, and those with minus 
signs — signs are valid for y G —C^, with Fourier coefficients a^,a^'^ satisfying 

(12.16) [ K'^m'd^<CS;' for all u 

(12.17) I \o!^J^{Cl?di<CNsZ^ for all V, for any N < oo 

where a°'^(-0 = a°'^(0 and a^'±(-0 = a^'^(0- 

Details of the routine proof of this lemma are left to the reader. Note that orthogo- 
nal projection of Cy to is a bijection between open subsets of S"^ and of Hi, which 
may be identified with M?. Thus e*^ '^ depends only on the projection of y & S"^ onto 
Hi, in these expressions. Since {yi,y2, —ys) has the same projection as (yi, ^2, l/s), 
the two hemispheres of S"^ require different, though related, representations. One 
cannot simply employ a dilation of H^, to convert the inverse Fourier transform rep- 
resentations of (7°, g'^ into the desired representations of respectively, because 
the resulting F^^, F^ would not have compact supports when regarded as functions 
with domains H^,, and hence could not be regarded as functions with domains S*^. 
Therefore dilations of g^-,g'^ must be multiplied by smooth cutoff functions, which 
depend on the centers z,^ of C,^ but not on the radii r^. This introduces extra terms, 
which are incorporated into F^. As — )■ 0, these extra terms tend to zero in L^(5'^). 
The other conclusions follow readily. Because F^ are even functions, it may of 
course be arranged that a[l'~(— = '^^''^(O' likewise for a^'^. 

As — 7- oo, 

(12.18) ||/,(7 * /,(7||2 < II (F> * F» + [F^a * F^a) h + 2||F> * F^a^ + o(l) 

where o(l) denotes a function which tends to zero as z/ — )■ oo. Applying the triangle 
inequality to the first term does not lead to a useful bound. Instead, 

||(F>*F» + (F>*Fra)||^ 

< ||F> * F>||2 + ||F> * F>||2 + 2|(F> * F>, F> * F»| 

= ||F> * F>||2 + ||F> * F^aWl + 2Ki^> * F^a, F^a * F»| 

since F^ are real and even. Therefore, since F^ have uniformly bounded 
norms, 

(12.19) Wfa * fa\\l < ||F> * F>||2 + ||F> * F>||2 + C||F> * F>||2 + o(l). 

The following key lemma will be proved below. 

Lemma 12.2. Let F^,F^ he upper even-normalized with respect to a sequence of 
caps of radii < |. Assume that F^,F^ admit Fourier representations satisfying the 
inequalities of Lemma [T2A[ Then 

(12.20) ||F>*F,°°a|U2(M3) ^0. 



Corollary 12.3. The second alternative cannot hold in Lemma 
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Proof. Assume Lemma [12.21 Then by (112. 19p . 

Wfa * fa\\l < * F^aWl + \\F^a * F^ag + o(l) 

<S^||F°||^ + S^||Fr||^ + o(l). 

Since S^/s^, — )■ oo and ||-F,^||2 — ^ 0, it follows easily from fll2.16p . (ll2.17p that 

(12.21) + IIF-II^ < (1 + o(l))||/.||^ = 1 + o(l). 
Since min (||F°||2, H^rih) > S/2, this forces 

(12.22) max(||F°||^, <l-p 

for all sufficiently large u, for some p > independent of u. It follows that 

Sl|i^°||iv) + Slli^r Ili^H < S'{\\F'JU.) + max {\\FX, \\Fnl) 

<S^(l + o(l))(l-p). 

We conclude that 

(12.23) limsup \\f^a * /i.cT||i2(R3) < S^ 

u—^oo 

contradicting the assumption that {f^} was an extremizing sequence. □ 

Combining the above results, the proof of Proposition [231 m the case when — )■ 0, 
is complete modulo the proof of Lemma 112. 2[ 

13. Step 8: Excluding small caps 

In this section we prove Proposition 12.101 assuming the case < ^ of Proposi- 
tion 12.81 Thus we need to prove that the radii of the caps associated to an 
extremizing sequence {f^} of positive even functions cannot tend to zero. 

Lemma 13.1. Let {f^} be any sequence of real-valued, even functions on sat- 
isfying WfuWi^ = 1- Suppose that fy is upper even-normalized with respect to a cap 
Cy = C{zi^, r^), uniformly in v. Suppose that the sequence of pullbacks (pKfu) satisfies 
the first alternative in the conclusion of Lemma Suppose that 0. Then 

there exists a sequence of functions F,^ : — t- M satisfying \\Fy\\2 — ?■ 1 such that 

(13.1) limsup II Fj^cTp * Fj^cTp II 2 > (3/2)""'^/^ limsup ||/ycr * /i,cr||2. 

Proof of Proposition \2.1(A Let {fu} be an extremizing sequence of nonnegative even 
functions for the inequality (12. ip satisfying ||/y||2 = 1- There exists a sequence of 
caps Ci, = C{zy,ry) such that each is upper even-normalized with respect to Cy. 
We must prove that lim inf j,_>.oo > 

If not, then by passing to a subsequence we may assume that — )■ 0. By Propo- 
sition 12. 8[ the sequence of pullbacks = (f>l{fu) is precompact in L^(]R^). Thus 
the hypotheses of Lemma 113.11 are satisfied, so there exists a sequence of functions 
Fy G L^(P^) satisfying its conclusions. 
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:i3.2) limsup WUa * Uah < {3/2Y/^P\ 



Now \\F^ap * Fyap\\2 < P^||Fj^|||2(p2) by the definition of P. Consequently 



The left-hand side tends to since {f^} is an extremizing sequence for (12. ip . so 
< (3/2)^/2p2^ contradicting the inequality S > 2^/^P of Lemma [231 □ 

Proof of Lemma \13. 1[ Write C^, = C{zu,ry). Decompose 2^^'^fy{x) = fu{x) + fu{—x) + 
fl{x) where f^ is real, fy is supported in C{zu,ry'^), ||/|j||2 — ^ 0, and the functions 
4>l{fi,) satisfy the first alternative of the conclusions of Lemma \11.2\ uniformly in u. 

Since fi, is even and ||/,y||2 = 1, we have \\fu\\2 — )■ 1 as — )■ oo. Moreover gi,{x) = 
fu{x) + fy{—x) satisfies 

(13.3) \\g,a * gua\\l/\\gAt = |||/.^ * MWWfAl 
and therefore 

(13.4) hm Wla * Ua\\l = {?>/2)-' lim \\f,a * f,a\\l 



By rotation symmetry, we may suppose that Zy = (0, 0, 1) for all u. Define F^y 

P2 ^ [0, oo) by 

(13.5) Fy{y, \y\y2) = rj,{r,y, (1 - rl\y\'f/') 

for y G M^. Fy will also be regarded as an element of L^(]R^, dy) by Fy[y) - 
Fy{y, \y\^/2). Then ||F,,||i2(p2_^^) = ||F,,||i2(K2) 1 as z/ ^ oo. 
It remains to prove that 

(13.6) limsup \\Fyap\\l4^^3) > limsup ||/;,cr| 
We have 

(13.7) / F,{yfdy+! F,{yf dy + f -^0 

J\y\>R ■JF,{y)>R -I \£.\>R 

as i? — )■ OO, uniformly in v. 

Thus we must compare Fyap{x,t) = J e~*^''^~**'^'^/^Fy(?/) dy with 

T^ix, t) = I e-— *(^-H^)^^7.(^, (1 - \v?f") da{v, (1 - 1^^)^/^) 

^13 8) 

'"■^-**(i-|-"l')''7,(t;, (1 - \v\^Y/^) (1 - \v\Y'^^ dv 
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In the latter integral substitute v — r^y to obtain 

= r-'rl I e— ^+'*'-'^^(^-'-^l^l^)^^7.M, (1 - vMf") (1 - rM)-'l' dy 

^g.*.- j e-'^-y-''\y\"/'F,{y)K{t,y)dy 

where 

K{t:y)-e^'''''(y\l-rl\y\y'/' 

My)--r:' + \y\V2+r:'{i-rMy/'. 

Thus 

\\fucr\\t= / \r~^fu(^{r;;^x,-r;;h)\'^ dxdt 
f e-'--y-''\y\'/^F,{y)K{t,y)dy 



It will be important that on any compact subset of X R^, 

(13.9) h,y{t, ^ 1 in the norm as — >■ oo, for all N < oo. 
Define 

(13.10) ii,(x, i) = / e---^-^*l^l'/2F,(y) Kit, y) dy 

(13.11) u,{x, t)^J e-'^-y-''^y^'/'F,{y) dy. 
Lemma 13.2. 

(13.12) f M.,t)|'d.d*^Oa.fl^co«™/„™i,.n.. 

J\{x,t)\>R 
i|(a;,t)|>il 

Proo/. Define operators and T from L^{R^) to L^(R=^) by 

(13.14) n9{x,t)= [ e''^-y-''\y\'/'g{y)Xr,^^^\^yMhAt,y)dy 

^R2 

(13.15) Tg{x, t) = I e-'^-y-''\y\'/'g{y) dy. 

T : L^(M^) — )■ L^(]R^) is bounded. Although the operators T^, are written in coordi- 
nates which disguise this fact, they are bounded from L^(M^) to L'^(M'^) uniformly 
in 1/, because they are obtained via norm-preserving changes of variables from the 
single bounded operator L'^{S'^, a) 3 ha. 
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If g E C^(R^) has compact support, then \T^g{x,t)\ < Cg\{x,t)\^^ where Cg de- 
pends only on the norm of g and on the diameter of its support, provided that u 
is sufficiently large that the support of g is contained in B{0,r~^). This follows from 
f ll3.9p together with the method of stationary phase; the phase functions appearing in 
the definition of Tj, have uniformly nondegenerate critical points (if any), uniformly 
in u. 

These two facts, together with the three uniform inequalities (113.71) . lead directly 
to the stated conclusion for Ui, by a routine argument. 

A slightly simpler application of the same reasoning applies to Uiy. □ 

Therefore it suffices to prove that for any R < oo, 

(13.16) / Mx.<)-Mx.0r<;x*-Oas.^oo, 

J\{x,t)\<R 

If g & has compact support, then 

(13.17) \T^{g){x,t) -T{g){x,t)\^0, uniformly for all |(x, t)| < i?. 

Since T^, T are uniformly bounded operators from to L^, and since the class of all 
compactly supported g E is dense in L^, (113. 16p follows from (113. 17p . □ 

14. Estimation of the cross term \\Fl^a * F^a\\l 

To prove Lemma [12.2[ let f^, F^^ be as above. Let fi, be upper even-normalized 
with respect to a cap Ci, of radius r,^. Since the inequality in question is invariant 
under rotations of M^, we may suppose without loss of generality that C^, is centered 
at the north pole Zq = (0, 0, 1). 

Decompose F^ = F^''^ + F^'~ where both summands are real-valued, F^'^ is sup- 
ported in C{zq,^), F^~{x) = F°'+(— x), is upper normalized with respect to 
C{±zo,ri,), and F^'^ have the same Fourier representations (112. 15p as Fj^. There is a 
parallel decomposition F^^ = F^'^ + F^~- By Lemma [3. H 

(14.1) IIFO'V * = * F^^-ah 

= ||F0'-a*F-'V||2 
Therefore it suffices to bound ||-F°'+cr * F'^'^aWo- 
Lemma 14.1. Let Su,6* > be sequences of positive numbers which satisfy 

(14.2) 6Jrl ^ 

(14.3) 5:/rl -> oo. 
Then 

(14.4) \\Fu^Or * F^'^a\\L2({xmS:\x\>2-S,. or \x\<2-5t}) flS Z/ OO. 

Proof. Since F^''^,F^'^ are upper normalized with respect to C^,, Corollary 17.31 as- 
serts that the region |x| > 2 — 5y makes a small contribution for large v. To handle the 
region |x| < 2 — 5*, choose a sequence ty >1 tending slowly to infinity. Decompose 
Fu"" = F°'^Xc{zo,ur,) + F^'+Xs2\c{zo,ur,), and decompose in the same way. If 
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U ^ OO sufficiently slowly, then the main term F^'+xc{zo,t,r,)0- * F^^+xc{zo,t,r,)(^ is 
supported where |x| > 2 — 5*. Expanding -F^'+cr * F^'^a according to this decompo- 
sition leaves three more terms. Each of these has small norm in L^(]R^) for large z/, 
because \\F^'^\\l2^s^\c{zo,ut,)) ^ and 11^2(52^^(^0 An.)) -^0. □ 

If hi, /i2 are supported in C{zq, r) then hicr*h2<y is supported in {a; G : |a;— 22;o| < 
Cr}. Since F^'^^F^'^ are upper normalized with respect to C{zi,,ry), and since 
Ti, — )■ 0, it follows from the inequality \\hia * h2(y\\L'^(B?) < C||/ii||2||/i2||2 that 

(14.5) / |(F°'+(T*F;^'V)(x)|^rfx->0 as z/->oo. 

-'|x-2zo|>l/100 

On the other hand, if |x — 2zq\ < 1/100, then for all sufficiently large u, {F^'~^a * 
F^'~^a){x) depends only on the restrictions of F^'~^,F^'~^ to C{zo,l/10). This has 
the following significance in terms of the Fourier representations (112. 161) . (112. 17p of 
Lemma 112.11 

(14.6) F°'+(x) = [ e"'^a°'+(C) dC + o(l) in L\C{zo, 1/10)) as u ^ 00 

by virtue of (112. 17p : this does not follow for L'^{S'^) because surface measure on 5*^ is 
not approximately equivalent to Lebesgue measure on {{xi,X2,0)} near the equator 
{x e : X3 = 0}. Likewise, by (fTTT6|) . 

(14.7) F;°'+(x) = / e^^^a;^'+(C) dC + o(l) in L^{C{zo, 1/10)) as z/ ^ 00. 

Henceforth we simplify notation by writing a° in place of a^'"*" and in place of 
ajf and we will take these functions to be supported in the sets r^\(\ < Asy and 
'"^ICI ^ Sij/A, respectively. 

Set = G : ^3 = 0}, and identify (6,6,0) G H with (6,6) e M^. Denote 
by Au the region and ly the interval 

(14.8) Au = {x : 2 - 51 <\x\ <2 - 6y and \x - 2zq\ < 1/100} 

(14.9) h = [2 -51,2 -5,]. 

It remains only to estimate HFj^'+a * F°'"'"o"||i2(^^). For x G Ay, for all suffi- 
ciently large (F^'+a* F^'^ij){x) depends only on the restrictions of -F^'"*", F^'^ to 
C{zf), 1/10). Therefore in majorizing \\F^'^a* F°'"'"cr||2,2(^_^), we may replace F^'^{x) 
by X-^|^|<4,^ e^^^a°(C) dC and F^'+{x) by j.,^\^\ys,/i e^^^«r(C) c^C, at the expense of ad- 
ditional terms which are o(l) as z/ — t- 00. We will continue to denote these modified 
functions by 

Set hi^ = e_icF;°°'+, for r^|C| < 4s^. Let 



(14.10) 



H* = {CeH: r.lCI < As,}. 
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By I^M, (M), ([USD, and ([HZD, 
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||Fr'V*F°'+a||i.(^,^)<C / / KiC)\-\T,MdC ] dt +0(1) 

<C I n MO\-\\Tmh\W{s^)dCydi +0(1) 



2 



<C\\aAi / / \\T,(iMUs-)dtdC + o(l) 

J H* J 



<C / \\Tp(t)hdUs^)dtdC +o(l) 

by Minkowski's inequality and Cauchy-Schwarz. Inserting the Fourier integral oper- 
ator bound \\Tp{h(^)\\l < C\\{I - p^^)-^'%\\l yields 



||Fr'+a*Fra||i.(^^)<c/ / 




ii+pm\)-%dOrd^dtdc +0(1) 



= C / / {l + pm\)-'\a:;{^-C)\'d^dtdC +o{l) 

(14.11) -sir;' [ I {l + p{m\r'\a^{i)\''didt +0(1) 

since |^| |C| for ^ in the support of a° and ^ in the support of a^. Next, 

(i+piei)-v~(orrfe 



(14.12) <C [ |a-(Oprfe + c/ (l + p|e|)->~(OI'rfe 

< CS;'\\F^-^^m + C max (1 + p\^\)-' ■ WF^'^l 

rv\^\>coSi, 

< cs;^ + Cp-^r,s;\ 

The first term in (114. 12p was estimated using (112. 16p . Inserting the final line into 
ffmrH yields 

WF^'+a * < Cslr^' [ {S;' + pity'r^S^') dt 

<Cslrf [ {S;' + {2-t)-'/'r,S;')dt 
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since {t/2f + p{tf = 1 implies p{t) > C{2 - t)^/^ 

= CslS;'r;' [ (l + r.(2-t)-V2)rft 
J I,. 

< CslS-\f\h\ (1 + maxr,(2 - ty^'^) 



<Csls;\r;\){i + 6;'/\,) 

since > si- 

Combining all terms, we have shown that 

(14.13) * F^'+aWl < o(l) + Cs-\r;'6:) (l + 5;^/V,) 

as 1/ — )■ oo, provided that Si^/r^ — )■ and S*/rl — )• oo. Since — )■ oo, it is possible to 
choose Su, S* to satisfy the additional constraint 

(14.14) s-\r-^6t) (1 + -> as z/ ^ oo. 
With such a choice, we obtain 

(14.15) \\F°'^(^ * F;^'^a\\l ^ as ^ oo, 

completing the proof of Lemma 112.21 □ 

15. Large caps 

It remains to prove Proposition 12.81 in the case when r^^ > 1. Introduce a 
partition of unity of S"^ by nonnegative even functions rjj , each of which is supported in 
C{zj, 1/8)UC(— 1/8) for some Zj G S'^. Decompose fi, = /^j, where f^j = rjjf^. 
For each index z/ we thus obtain the collection of functions g^j = <Pt{fu,j) £ L^(]R^). 
Lemma 111.21 is now modified in the natural way: Either there exists a function 
9 : [1, oo) — > (0, oo) satisfying 9{s) — )■ as s — )■ oo such that 

(15.1) / Ig^jiOl'^d^ < 0{s) for all s G [1, oo) and all 

or there exist 6,ek, Sk, Sk as in that lemma, such that the conclusions in the second 
case of that lemma hold, with replaced by Y2j Idu^jl"^- the former case, the 
conclusion of Proposition 12.81 is just a reformulation of the conjunction of (115.11) with 
the upper normalization bounds for f^,. 

It remains only to demonstrate that the latter case cannot arise. If it did, then by 
summing over j one would obtain again a decomposition f,y = F^ + + F^ where 
lim,^^oo 11-^;^ II 2 = 0, -F° is comparatively slowly varying, and F^ is highly oscillatory. 
It would follow as above that ||F°||i + 11^^112 1 = Il/i.|l2 and \\F^a * F;^a\\L2(R3) 
0, and then that lim supj,_j.j,o \\fu(^ * fuc\\2 < S'^, contradicting the assumption that 
{/y} is an extremizing sequence. □ 
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16. Constants are local maxima 



which characterizes 

52 



Theorem 11.51 asserts that constant functions are local maxima. Define 

(16.1) ^(/) = ll/^*/^lli2(M3) 

(16-2) $(/) = jjr^. 

Denote by 1 the constant function l(a;) = 1 for all x G 5*^. 

Proof of Theorem [Ql Since $(/) = for all t > 0, and since $(/) < $(|/|), we 

may restrict attention to functions of the form f = 1 + eg where < e < 6, g -L 1, 
g is real-valued, and ||5f||j,2(52) = 1. We may further assume that g{—x) = g{x), by 
Proposition 12.51 

1 is a critical point for $. Indeed, by rotation symmetry, / = 1 satisfies the 
generalized Euler-Lagrange equation / = A(/cr * fa * fa) 
critical points. 

A straightforward calculation gives the Taylor expansion 

(16.3) ^l + eg) = ^l)+e^l\\~J^,,^{Q{ga*ga, a*a)-2^{l)\\l\\f\\g\\i^+0{e') 

where 0{e^) denotes a quantity whose absolute value is majorized by Ce^, uniformly 
for g G L'^{S'^) satisfying ||5f||2 < 1. Thus it suffices to show that 

(16.4) sup 6(^(T*^a, Or*(T) < 2^(1)||1||2^. 

Il5ll2=l 

The quantities ^^(1) and ||1||2 can be evaluated explicitly. Firstly, ||1||2 = cr{S'^) = 
in. Secondly, 

(16.5) (o-* o-)(a;) = 27r|x|"^X|x'|<2- 

Indeed, it follows from trigonometry that a* a{x) = a|a;|^^X|ii<2 for some a > 0, and 
a can be evaluated by 

(16.6) (4:7rf = a{S^f = [ {a*a){x)dx= [ ar'^ ■ Anr^ dr = Sna. 

Jr^ Jo 

Therefore 

\[/(l) = / (^a*a{x)ydx= / An^lxl'"^ dx 

J^3 

= 47r^ / ■ Anr^ dr = An^ ■ An ■ 2 = 32n^ 



Therefore it suffices to prove that 

(16.7) sup {ga * ga, a * a) < ^ ■ 32n^ ■ {An)'^ = fyr^ 

Il9ll2=l 

where the supremum is taken over all real- valued, even g G L'^{S'^) satisfying \\g\\2 = 1 
and f g da = 0. 

The following key bound will be established below. 
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Lemma 16.1. For all real-valued even functions g G L'^{S'^) satisfying J gda = 0, 



(16.8) // g{x)g{y)\x -y\ ^da{x)da{y) 



^ 4^11 ||2 

^ 5^II5'IIl2(52)- 



The factor |7r is optimal, and is attained if and only if (7 is a spherical harmonic 
of degree 2. 

Now for such g satisfying \g\i = 1, 

(16.9) {ga * ga, a * a) = {ga * {a * a),g) 

(16.10) =2vr // g{x)giy)\x-y\-Ua{x)daiy) 

(16.11) < 277 ■ |7r = §772 < fTT^, 

completing the proof of Theorem II. 5[ □ 



Proof of Lemma \16.1[ We first recall the Funk-Hecke Formula in the theory of spher- 
ical harmonics, see e.g., [201 P- 29] or |23 Theorem A]. 

Theorem 16.2 (Funk-Hecke formula). Let d > 2 and k > be integers. Let f be 
a continuous function on [—1, 1] and be a spherical harmonic of degree k, on the 
sphere S"^. Then for any x G S'^, 



(16.12) / fix-y)Ykiy)daiy) = XkYkix), 

where x ■ y is the usual inner product in R'^^-'^, and 

_ uj,j'_j{t)cfm-t'Y-^dt 

d-l rf 9 ' 

Cu' {l)jU^-t')'^dt 

d+l 

where Ud := |^Sy denotes the surface area of the unit sphere S'^, and C^(t) is the 
Gegenbauer polynomial defined by the generating function 



k 

'k^ 5 



(16.13) (i_2rt + r2)- = ^Q 

k=0 

for < r < 1 and —l<t<l and u > 0. 

For u = 1/2 and t = 1, the generating formula becomes (1 — r)^^/^ = XlfcLo ^H"^^^-: 

so 

(16.14) Cl'^ = 1 for all k>0. 

For d = 2, {d — 2)/2 = and ojd = Ivr, and the relevant index u is u = {d — l)/2 = 1/2. 
Therefore for d = 2, 

(16.15) Afc = 27r [ f{t)Cl'^{t)dt. 
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Choosing z/ = 1/2 and set r = 1 in the generating function (116. 13p . we obtain 

oo 

(2-2t)-V^ = 5^Cr(t). 

k=0 

This formula is not entirely valid, since (116. 13p only applies for r < 1; but all calcu- 
lations below can be justified by writing the corresponding formulae for r < 1, and 
then passing to the limit r = 1. We will omit these details, and work directly with 
r = 1. 

We also recall the following fact in j23i Chapter 4, Corollary 2.16]: for S*^, the 
polynomials C^^^(t), = 0, 1, . . . , are mutually orthogonal with respect to the inner 
product {f,g) = J^^ f{t)g{t)dt. So for / = (2 - 2t)-V2 ( MIM and for any k>0, 
by orthogonality, 

/I /.I oo 

(16-16) =2n [\cl/\t)Ydt 



1 



An 



2k + 1 

1 /2 

where the last identity follows from the normalized value of C/^ (t) over (—1, 1), see 
e.g., m p.461] or [201 10-15, p.54]. Hence for f{t) = (2 - 2t)-^/^, for x G S^, 

(16.17) /(x ■ y)n(y)rfa(y) = ^^Y,{x), Vfc > 0. 

Now return to ff g{x)g{y)\x — y\^^ da{x) da{y). Here \x — y\~^ = {2 — 2x- y)"^^^ = 
f{x ■ y) where f{t) = (2 — 2t)~^/^. Since all spherical harmonics of odd degrees are 
odd, and since g ^^ 1, g may be expanded as 5^ = XlfcLi ^2fe where each is a 
spherical harmonic of degree 2k. These are of course pairwise orthogonal in L'^{S^). 
Therefore 

P P 00 

(16.18) / 1 g{x)g{y)\x - y^' da{x) da{y) = Y,(\2kY2k, Y2k) 

k=l 

00 . .00 , 

k=i ^ ' k=i 

This completes the proof of Lemma 116.11 □ 

Remark 16.1. Consider inequalities of the modified form 

(16.19) / \{fa*fa){x)\'w{x)dx<C\\f\\l^s-), 

where w > is any radial weight. The modification consists in placing the norm 
on the right-hand side of the inequality, instead of the norm. 
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If the inequality holds for some C < oo, and if w satisfies |Afc(t(7)| < Xo{w) where 

Xk{w) = 2n j' w{{2 + 2t f'){2 + 2t)-'/' C'J\t) dt, 

then constant functions are (global) extremals. This holds in particular for w = 1. 
This is proved as follows, in the spirit of Foschi [12j. We may assume that / > 0. 

[f a * f a){xY w{x) dx < / * a){x)^ w{x) dx 



= 27T f\x)f\y)\x + y\-^w{\x + y\) da{x) da{y). 

The first inequality follows from Cauchy-Schwarz, and is an equality if / is constant 
modulo null sets on almost every circle (that is, the intersection of S"^ with an affine 
plane) in 5*^; thus if and only if / is constant modulo a-nuU sets. Expand = 
YlT=o in spherical harmonics. Then 



» « oo 

27r / / /2(a;)/2(^)|^+^|-i^(|^+^|) ^^^y^ = 27r V Afc||n||^ < 27r sup Xk\\f\\i 



for certain coefficients Xk which depend only on w. If there is a valid inequality 
(116.191) with C < oo, then Xq < oo. Thus constant functions are extremizers. If 
maxfc^o |'^fc('W^)| < Xo{w), then / is an extremizer if and only if p has a spherical 
harmonic expansion with 1^ = for all > 1, that is, if and only if is constant. 
For / > 0, this forces / to be constant. □ 



17. A VARIATIONAL CALCULATION 

Recall the notation eg (x) = e^'^. It is natural to study ||/cr||4/||/||2 for /(a;) = e^{x), 
for several reasons. 

(i) Extremizers for the paraboloid = {x : = where x' = (xi,X2) are 
Gaussian functions of x'; but these are simply restrictions to of simple exponentials 
e^-€ for ^ e satisfying Re (^3) < 0. 

(ii) {fa * fcr){x) is expressed for each integral of a product of two factors. 
When / = eg, the integrand becomes a constant for each x, and hence the Cauchy- 
Schwarz inequality becomes an equality when applied to each such integral in an 
appropriate way. Such equalities are the key to one proof [12] that Gaussians are 
extremal for P^. 

(iii) \\e^a * egcr||2/||eg||2 is susceptible to a perturbative analysis for large |^|. 

(iv) This analysis appears more likely to be generalizable to other manifolds than S"^, 
than does the calculation of Lemma [2.41 for / = 1. 

For these reasons, we carry out in this section a perturbative analysis of ||egcr * 
egcr||2/||eg||2, thereby establishing Proposition 12. 11[ 

We will work with functions concentrated principally in a very small neighborhood 
of the north pole (0, 0, 1). A point z ~ (0, 0, 1) in can be written as 

(17.1) {y, (1 - \y\Y') = iy,l-M-M + Oi\y\')) 
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where y eM? and \y\ < 1. Let a denote surface measure on S'^; 

(17.2) da=il + l\y\' + Oi\y\'))dy. 
For z & S"^ and e > define 

(17.3) f.(z) = .-"■^e(«-/.X|,._^^^,|^a„>o. 

Within the domain of f^, the mapping {zi,Z2,Z3) •<->■ {zi^zq) is a one-to-one corre- 
spondence between S"^ and a ball in M^. 

/g is essentially e'^f^e'^^^e^ where ^ = (0,0, the two functions differ by 
in norm for some c > 0. The cutoff functions are inserted for convenience 
in the calculation. 

For (i, x) e define 

(17.4) u,{t,x)= I Mz)e-'^'''>^ da{z) 
where of course (x, t) ■ z — XiZi + X2Z2 + tz^. Then 

Ue{t, x) = e-'/^ [ e(^^^-i)/^e-^^-("i'"2)e-**"^ xi^) da{z) 

^^-l/2g-it f g(-i|2;|2-||j;|4+0(|j,|6))e-l 

e---2/e-^t(-ilj/P-|l2/l^+o(|j/p))(l ^ i|^|2 ^ 0(|y|^))x(z/) 

where x, X denote disks centered respectively at (0, 0, 1) e S'^ and e R^, which are 
independent of £. A change of variables gives 

{l + ke\y\' + 0{\e'/'y\'))x{e'/'y)dy. 

Setting 

Ve{t,x) = e~''/'e-^/\,i-e-H,s-^/^x) 

= / e— ^e-(^+^*)(il^l'+4l^l'+o(.-|.v.,|6)^^ ^ ^ 0(|£^/2|/r))x(£^/'|/) dy 

we have 

(17.5) ll'^£|li4(R3) = ||We||i4(R3). 

Set 

(17.6) w,{t, x)^ I e-^^-^e-('+'*^(^l^l'+^il^l')(l + \e\y\'') dy for £ > 0. 

Using the exact definition of rather than the approximate expressions above, it is 
routine to verify that 

(17.7) \\w,\\\ = \\ve\\\ + 0{e^) Qse^ 0+. 
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Since we are interested in first variations with respect to e of tlie norm at e = 0, 
it will suffice to analyze ||we||4. Also introduce 

(17.8) gM = e-|l^l'-4l^l' 
and 

(17.9) rfa,(y) = (l + 4|y|2)rfi/. 
Then 

(17.10) ll/.|lW) = 11^7.11 W.) + 0(£^). 

Although /e is not well-defined in the limit e = 0, lime^o+ II /ell 2 > does exist, 
and we will abuse notation by writing II/0II2 to denote this quantity. We have 

(17.11) ||/o||^= / e-'\y\''/'dy. 



It is a routine exercise to verify that e h-j- ||fe||4 is a C°° function on [0, 00); hence the 
same goes for ||tfe||4, and for ||m£||4 by (117. 5p . Similarly, e H- ||/e||2 is C°° on [0, 00). 
Consider the functional 



;i7.12) *(£) = log 



ll'^glli^ 



which is initially defined for e > but extends continuously and differentiably to 
e = 0. Its derivative is 

(17.13) al__„ns) = ?^tM^ _ 2*y^, 

ll^olU llfl'olh 

and of course 

(17.14) vl/(0) = log(7^^.) 

where 7^p2 (II. 6p is the optimal constant for the adjoint restriction inequality for the 
paraboloid. 

We will calculate: 

Lemma 17.1. 



> 0. 

e=0 



Proposition 12 . 1 II follows, since by radial symmetry, ||egcr*e5cr||2/||e^||2 depends only 
on |e|. 
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The most involved calculation is that of the numerator in the first term of fll7.13p . 
To begin that calculation, 



e=0 



{t,x)= / [-l{l + ^t)\y\^ + l\y\^]e-'^^■ye-'^'+^'^^y^'/'dy 



Ul+^t)i-^/2)-'^^ + U-^/2)-% 



^-ix-y^-{l+it)\y\^/2 



dy 



Ul + tt)d^ + tdt 



'ix-y-{l+it)\y\^/2 



dy 



Ul + it)d'^ + idt wo{t,x) 



l„-|x|2/2(l+it) 



l{l + it)df + idt co(l + it)-^e 

where Cq is a positive constant whose precise value will play no role, since it will 
ultimately appear in both the numerator and denominator of a certain ratio. 
Define 



^\x\^{l + it)-^ - \og{l + it), 



(17.16) 

so that 

(17.17) Wo = coet 

The last quantity above may be written as 

= Co ^{1 + it)df + idt 

= ico(l + zt)(0? + 0tt)e^ + Coi(j)te^ 

where (pt, 4>tt denote respectively the first and second partial derivatives of (p with 
respect to t. 



Now 



i{-2i)\x\\l + ity^ - + it)-^ 

\x\'^{l + it)-^ - {l+ity^ 

-\\x\\l + it)-^ + \x\\l + it)-^ - (1 + tty 



so 

(17.18) 0? + 0« = 
Consequently 

(17.19) \{l + it){(l)l + (t)u)+i(t)t 



i|x|^(l + it)-^ + 2|a;|^(l + it)-^ - 2(1 + it) 



-2 



(1 + it)-^ - \\x\^{l + it)-^ + (1 + it)-^ 



-\\x\^{l + it)-^ + \x\^{l + it)-'^ 

= -i\x\\i + tY'a - itf + \\x\\i + e)-\i - it)\ 
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whose real part is 



(17.20) Re + + 



+ k 



- + tY\l - 3t') + '.\x\\l + - t') 



Now 
(17.21) 

and therefore 



^elkelll = 4 / l^el^Re 



deWe 



We 




de\\we\\l\^^^ = 4. jjRe (^l{l + it){(P''t+(Ptt)+i(l>t)\wo{t,x)\Uxdt 

- i|x|^(l + t2)-3(i _ 3^2) + 2\x\\l + tY\i - t") 

(l + t2)-2|e-NV2(i+*t)|4^^^^ 

- i|a;|^(l + - 3^2) + 2\xWl + - t^) 
Substituting x — {1 + t^Y^'^x and then replacing x by x gives 




9e||w,||4|^^Q = Co 




- i|a;|^(l - 2>e) + 2|x|'(l - e)] (1 + i2)-2e-2N' dx dt 



By substituting x — 2 ^/^y in and then r = s^/^ in (0, oo) we derive the identities 



/ 



/ e-'l^l' dx = U e-l^l' dy^TT e"'^' r dr ^ 



TT 



e ^ = - 
2 



2e-2N^da:=- / se~' ds = - 



\x 



TT 







' ' Sio 4 



TT 



Recall also that 



f{i+tr'dt = i 
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Using these formulas we obtain 



de\\We\\t\^^^ 



^^.4 . 2(l-t^)-J(l + t 



i(l-3t 
Jm. 



4 



TT 4 
4^0 



4*^01 



i(l + t2)-i + 2(l + t 



2\-2 



- + 2-) 



On the other hand, 



4—^0 




Therefore 
(17.22) 

The variation of 



^41^2 
Co 2^ • 



Ikolll 



7r^cg/8 _ 1 
7r2c^/2 ~ 4' 



£112 must also be taken into account: 



de / ge{yfda,{y) 



e=0 



e=0 



27r vr 

■T + 2 
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Therefore 
(17.23) 

Putting it all together, 
(17.24) 



le=0 



0. 



i-0 > 0. 



18. Proof of Lemma 16.11 

Proof of Lemma \6. 1[ Suppose that / = X-B is the characteristic function of a set E. 
We will begin by showing that there exist C < 00 and exponents s, t > such that 



48 MICHAEL CHRIST AND SHUANGLIN SHAO 

for any set E and any index k, 



(18-1) j:nn\ci\-' [jxEi^f 

<C\E\^. min {2-'''\E\-\ 2^'\E\Y ■ max (^^^) 

Indeed, 

< E 1^ n Ci\ ■ max {\En C,\'!^-'\C,r'l^ 
j 

= \E\max(\EnCl\^/P~^\Cl\^-^/P 



s 



The analysis now splits into two cases. Note that |C^| ~ 2 uniformly for all indices 
j,k. If 2-2'= >\E\ then 

\E\ra^x{\EnCl\'/^-Yir^/^) < li^pmax^^^^' 

< \E\'(2"'\E\y/P-'ma.x(^-^^^^ ' 



k\ 



Since l<p<2, ^ — 1>0 and hence this is a bound of the required form f llS.ip . 
When instead 2^'^'' < \E\ then since 4/p - 1 > 1 > i, 



|E|max(|Enar/-^|Q|-^/-) = m2^'\E\rm.x(\^ 



4/p-l 
\ 1/2 

< \E\\2"'\E\)-'max' 1^^^^' 



\E\\2^''\E\)-^/^ max 



lEnqp'/' 

\E\ 



which again is a bound of the desired form. Thus fllS.ip is proved. 

Next consider a general function / G L'^{S'^). By sacrificing a constant factor in 
the inequality, we may assume that / takes the form / = Yl'^=-oo ^"X-Bc where the 
sets Ea are pairwise disjoint and |ii^Q,| < oo. Invoking the preceding analysis for each 
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summand together with the triangle inequahty for the sum with respect to a yields 



(18.2) 

|-C/q| ' ■ llilli l-'^al • • ^ • ' . 

k a 



ll/lli < ^ E ( E 2l^^r/' ■ {2--'\E^\-\ 2-'\E^\y'' ■ max (r^j^) ' 

k a W oi\ \ k\ / 

(18.3) 



(118.31) is deduced as follows. For each integer r define 

(18.4) a,^ E 2^|^,|-„^(^in|L)'" 

(18.5) h,r = min (2-('-+2'=)*/4^ 2^'+^^^"^). 
Then by ffTO]) . 

00 CXD ... 

(18.6) ll/l|x,<C^(E(E ^'-M') 

fc=0 r=—oo 

00 

k=0 r r 

00 ... 00 



1/4 



Finally for each r, an application of Holder's inequality with exponents 8, f gives 



a.= 2/^1^,1 max (^^) 



< 



( \E, 






\\E,\ 


\ + \Cln 





7 

s/i 



since the sum of the finite series 'Ylip-\Ei3\'^2^ 2^^/'' is comparable to its largest term. 
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Continuing now from (118.61) . we have 

Q, a k,i \ -|- 

= C||/||5.supf(22"|B„|||/||J=)max 



<q|/|||.sup((2-|^„|||/||-) rnax^^^ 



fc,; 

s 









i + iQi; 

/a n Q 



for some < s < 1. 

It remains to show that 







\Ea\ 








1,-) 


max I 



(18.7) sup(^(22"|i?„|||/||2 2)m^ax 
for some positive exponent r. Set 

(18.8) X^sup((2-|E„|||/||-)max(^i^)) 

Choose an index a for which the supremum is attained up to a factor of at most 2. 



Then 



(18.9) l.,<(2-|E.|.||/||-)„jax(^i^) 



The right-hand side is a product of two nonnegative factors, neither of which can 
exceed 1, so 







\Ea\ 





Set C = CI We have \E^\ > 2-2"-iX||/||2, and since \E^nC\ < 2""/^ |/|, 
(18.11) \Cr I I/I > 2"^^ > 2"^|[^ > ^2"^- 



Also 



(18.12) 1^1" / I/I > 2"^^-^ 



|C| 

- ^" |K| + |C| '^'"''^"' - ^2°^l^l"'l^"l 

>c2°X|Cri-2-2"||/||^X = c2-"||/||^x2. 

Taking the geometric mean of these two bounds yields 
(18.13) Pfjll^'^-"' 

which by the definitions of X and j(/) is a bound of the desired form. □ 
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